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SUMMARY

Motivated by recent advances in manufacturing, the design of materials is in the focal point of interest in

the material research community. One of the critical challenges in this field is finding optimal material

microstructure for a desired macroscopic response. This work presents a computational method for

mesoscale-level design of particulate composites for an optimal macroscale-level response. The method

relies on a custom shape optimization scheme to find the extrema of a nonlinear cost function subject to a

set of constraints. Three key ‘modules’ constitute the method: multiscale modeling, sensitivity analysis,

and optimization. Multiscale modeling relies on a classical homogenization method and a non-linear

NURBS-based generalized finite element scheme to efficiently and accurately compute the structural

response of particulate composites using a non-conformal discretization. A three-parameter isotropic

damage law is used to model microstructure-level failure. An analytical sensitivity method is developed

to compute the derivatives of the cost/constraint functions with respect to the design variables that control

the microstructure’s geometry. The derivation uncovers subtle but essential new terms contributing to the

sensitivity of finite element shape functions and their spatial derivatives. Several structural problems are

solved to demonstrate the applicability, performance, and accuracy of the method for the design of particulate

composites with a desired macroscopic nonlinear stress-strain response.
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1. INTRODUCTION

The precise evaluation of the effective properties of heterogeneous materials has a long and rich

history, attracting researchers from multiple disciplines. Various theoretical [1–3] and computational

[4–6] micromechanics approaches have been widely used to characterize the structure-property

relationships of heterogeneous material systems. The primary objective of these studies is to find

the effective properties of a heterogeneous material for a given set of the phase properties and5

microstructure. However, over the last two decades, many researchers restated this question as an

inverse problem, i.e., how can the different phases of a heterogeneous material be distributed to

target or optimize a particular macroscopic material property [7].

The aforementioned inverse problem is an optimization problem and has been solved via

different optimization techniques. Among these different approaches, topology optimization is the10

most popular wherein it is combined with homogenization tools to develop the so-called inverse

homogenization approach. For example, Sigmund [8, 9] used it to optimize the microstructure of

a periodic unit cell for minimum weight with prescribed macroscopic elastic and thermoelastic

properties. It has since been employed to design composite materials with extreme elastic or

thermal expansion [10–13], fluid transport [14], auxetic [15–18], and other multifunctional [19–21]15

properties. Osanov and Guest [22] provides a good review of this topic.

Even though topology optimization approaches have been mostly employed for the design of

structures with the linear elastic response, some topology optimization studies considered material

and geometrical nonlinearities for structural design applications. Some researchers have addressed

geometrical nonlinearity in topology optimization. These include Jog [23], Buhl et. al. [24], Bruns20

and co-authors [25–28], Kwak and Cho [29], Abdi et al. [30], Chen et al. [31], Deng [32],

∗Correspondence to: Department of Mechanical Engineering and Mechanics, Drexel University, Philadelphia, PA
19104, USA, Phone: (215) 571-4578, Fax: (215) 895 1478, Email: arn55@drexel.edu
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Dunning [33], Xu et al. [34], and Zhu et al. [35]. Other authors have investigated the topology

optimization of nonlinear structures [36–49]. Yuge and Kikuchi [36], Maute et al. [38], Yoon and

Kim [39], Alberdi et al. [47], and Zhao et al. [49] have used topology optimization to design

structures undergoing plastic deformation. Several authors have also incorporated damage materials25

models into the topology design of continuum structures [37, 41–43, 45]. More recently, advances

in high-performance computing have set the stage for the computationally intensive design of

nonlinear structures based on multiscale topology optimization [50–55].

Topology optimization has also been combined with nonlinear homogenization for the design

of material microstructure to achieve prescribed macroscopic properties. For example, Swan in30

collaboration with Arora [56] and Kosaka [57] has studied the topological design of elastic

and inelastic composite materials. Some other authors used this approach to design auxetic

metamaterials [55, 58–62] and cellular materials [46] with prescribed nonlinear properties.

In contrast to the abundant studies on inverse homogenization using topology optimization,

limited studies have been devoted to combining shape optimization and inverse homogenization35

for the design of composite materials. In one of a very few related studies, Ibrahimbegovic et

al. [63] investigated the shape optimization of a two-phase inelastic composite microstructure,

in which the matrix phase exhibited plasticity and the inclusion phase damage. The interface

geometry in a periodic cell containing a single inclusion was optimized to maximize the amount

of plastic dissipation or the external work. Other authors combined a 2D isogeometric shape40

optimization and inverse linear homogenization to design periodic microstructures [64] and auxetic

materials [65, 66]. In a recent publication [67], some of the authors of the present manuscript

developed a multiscale shape optimization scheme to design the microstructure of 3D particulate

composites to obtain a desired nonlinear response. In that study, the framework was built on

an Interface-enriched Generalized Finite Element Method (IGFEM) [68–70] and the material45

nonlinearities were associated with interfacial debonding of inclusions from a surrounding matrix,

which was modeled using a cohesive failure model.

(2020)



4 A. R. NAJAFI ET AL.

Herein, we develop and implement a shape optimization method to design composite material

microstructures based on a NURBS-based Interface-enriched Generalized Finite Element Method

(NIGFEM) to achieve a prescribed macroscopic behavior. This work builds on our previous studies50

( [71] and [72]) that introduced two Eulerian-based shape optimization schemes by incorporating

the IGFEM [68–70,73] and NIGFEM [74–77], respectively. Similar studies are performed to design

microvascular panels for active cooling applications [78–85].

The composite material design problem is illustrated in Figure 1. The design domain is a

periodic unit cell consisting of several inclusions. Its homogenized macroscopic nonlinear behavior55

is denoted by the solid black curve in Figure 1(b). The optimization goal is to find the geometry and

material properties of the inclusions to achieve the desired macroscopic response, depicted by the

dashed red line in the same figure, in other words the goal is to minimize the shaded area between

the two curves.
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Figure 1. (a) Schematic of a deformed periodic unit cell; (b) unit cell and desired macroscopic stress-strain
curves. The optimization finds the desired microstructure to minimize the shaded area between the two

curves.

We formulate this problem as an inverse homogenization problem that is solved via shape60

optimization. The desired nonlinear macroscopic structural response is attributed to the multi-

phase composite material that is modeled with irreversible isotropic damage laws. To perform

the sensitivity analysis for this optimization problem, we derive an analytic direct differentiation

sensitivity formulation in the NIGFEM framework. Combining shape optimization, NIGFEM, and

computational homogenization, we develop a design framework to optimize the microstructure of a65

composite material to attain a prescribed macroscopic nonlinear behavior. In contrast to our previous

(2020)
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study on the multiscale nonlinear design of 3D particulate composites [67], we use a continuum

damage law to introduce the material nonlinearities to our models. Here, we adopt a NURBS-based

IGFEM that provides a more accurate description of the geometry and stress-strain modeling over

a relatively coarse mesh.70

The organization of this paper is as follows. In the next section, the construction of the NIGFEM

enrichment functions for 3D problems is summarized. Section 3 is devoted to the computational

homogenization of general linear/nonlinear elastic periodic composites. We then discuss the damage

model in Section 4 and describe the numerical algorithm used to simulate the evolution of damage.

In Section 5, the optimization problem and sensitivity analysis are described. Numerical verification75

and application examples are presented in Sections 6 and 7, respectively.

2. 3D NIGFEM ENRICHMENT FUNCTIONS

The NIGFEM formulation for 2D problems has been presented in [72, 74, 86], while the 3D

NIGFEM implementation appears in [75]. To avoid repetition, a summary of the key concepts and

notations associated with the NURBS and NIGFEM formulations are presented in Appendices A

and B, respectively, and only the construction of the 3D NIGFEM enrichment functions is described80

in this section.

To introduce 3D NIGFEM enrichment functions, let us consider a structural problem on a

heterogenous domain. We discretize the domain Ω ∼= Ωh with a fixed mesh that conforms to the

fixed domain boundary ∂Ω but not to the material interfaces Γi, cf. Figure 2. The displacement field

in each element intersected by the interface Γi is approximated as85

uh(y) =

ne∑
i=1

Ni(y)ui +

nψj∑
j=1

nψk∑
k=1

ψjk(y)αjk. (1)

The first sum on the right-hand side of (1) represents the classical finite element interpolation with ne

standard Lagrangian shape functions, Ni (y), and the standard nodal dofs ui = [uy1

i uy2

i uy3

i ]
T . The

second sum represents the augmented contribution with the nψ = nψj × nψk enrichment functions

(2020)



6 A. R. NAJAFI ET AL.

ψjk (y) and their associated generalized dofs αjk =
[
αy1

jk α
y2

jk α
y3

jk

]T
, where nψj and nψk are the

number of enrichment functions along the two parametric directions that define the NURBS surface90

that models the material interface Γi within the element. The number of NURBS basis functions,

nψ, depends on the level of geometric complexity of the material interfaces and the discretization

of the underlying mesh [74, 75].

To construct the enrichment functions for the NIGFEM, consider the domain Ωh, shown in Figure

2(a), discretized by a non-conforming structured mesh composed of ne standard trilinear hexahedral95

elements Ωhi . The domain Ωh contains a material interface Γ represented by a NURBS surface† of

order p and q such that

Γ =

{
(ξ, η) ∈ [0, 1]× [0, 1] : y = S (ξ, η) =

l∑
i=1

m∑
j=1

Ri.j,p.q (ξ, η) Pi.j

}
, (2)

where Ri.j,p.q (ξ, η) are the rational B-spline basis functions, i.e., the NURBS basis functions,

defined in (A.8), {Pi.j} ( i = 1, 2, ..., l, j = 1, 2, ..., m) is an array of control points that define

the net, and (ξ,η) is the pair of parametric surface coordinates (knot vectors), all introduced in100

Appendix A. We assume without loss of generality that the material interface is a straight cylindrical

inclusion normal to a plane of the non-conforming mesh shown in Figure 2(a)‡. As illustrated in

Figure 2(b), we consider two possible arrangements for a hexahedral element that is split by a

straight cylindrical inclusion. To generate enrichment functions for such an element Ωe, we need to

construct 3D NURBS volumes of the element subdomains Ω
(1)
e and Ω

(2)
e , as shown in Figure 2(d).105

This is a three-step process. We first intersect the material interface Γ with the element faces ∂Ωe and

use the global intersection calculation procedure introduced in [87] to find four boundary NURBS

curves Ce
i
§, i = 1, . . . , 4, as shown in Figure 2(c). In the second step, we define a portion of the

material interface Γe residing in the element Ωe. In general, Γe is not a NURBS surface. Therefore,

we need to find a NURBS approximation to Γe, which we refer to as Γhe in Figure 2(c). To construct110

†Without loss of generality, we assume that the material interface Γ is represented by a bi-quadratic NURBS surface
S (ξ, η).
‡For more complex geometric combinations arising from the intersection of a material interface Γe with a hexahedral

element Ωe, we refer to [75].
§Since Γ is a bi-quadratic surface in this study, the Ce

i are at least quadratic.

(2020)
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Γhe , we generate a bilinearly blended Coons surface [87] from the boundary of Γe, i.e., from the

four NURBS curves Ce
i , i = 1, . . . , 4 (Figure 2(c)). Γhe is referred to hereafter as the sub-interface

and it is worth mentioning that the order of the Coons surface is dictated by the order of boundary

NURBS curvesCe
i
¶. Finally, the element boundaries ∂Ωe and interface Γhe are used to construct the

3D NURBS volumes for the subdomains Ω
(1)
e and Ω

(2)
e , cf. Figure 2(d). These volumes are used to115

define the enrichment functions ψjk of (1). We repeat this three-step procedure for every element

Ωe intersected by Γ.

Material 
Interface

Domain

Boundary
Curves

Intersected 
Element

Sub-interface

(a)

(b)

(c)

(d)

Superposing
Regular

P2-3.1.2

P4.1.2

P1.1.2
P1.1.0 P2.1.0

P3.1.0 P4.1.0
P4.2.2
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P4.4.2P1.4.0
P4.4.0

P1-4.1.1
P1.1.0P2.1.0

P3.1.0P4.1.0

P1.4.0P4.4.0

P3.3.0

P2.2.0

P2.3.0
P3.2.0

Figure 2. (a) NIGFEM domain with a cylindrical interface S(ξ, η) discretized by a non-conforming
structured mesh of trilinear hexahedral elements; (b) two possible geometric configurations for elements
traversed by straight cylindrical material interface; (c-d) Reconstruction of NURBS surface Γhe from the
computed boundary curves Cei and NURBS volume Ωei , i = 1, 2 corresponding to the intersected element.

For more clarification, let us further explain the procedure of constructing the NURBS

representation of the subdomain Ω
(i)
e (i = 1, 2). As seen in Figure 2(d), the element Ωe is divided

into two curvilinear subdomains Ω(1)
e and Ω(2)

e that meet at the internal interface Γhe . These120

subdomains Ω(1)
e and Ω(2)

e are the integration elements. To build 3D NURBS volumes for these

integration elements, we choose the order of the basis functions for Ω
(i)
e to be p = q = 2 in the

¶The quadratic boundary curves Ce
i ensure the Coons surface of Γh

e is bi-quadratic NURBS surface.

(2020)



8 A. R. NAJAFI ET AL.

ξ- and η-directions‖, along the interface, and r = 1 in the ζ-direction that is perpendicular to the

interface. We also use m = n = 4 control points in the parametric ξ- and η-directions, and two in

the ζ-direction∗∗. To reproduce the edges of Ω
(i)
e , we use superposing control points. As illustrated in125

Figure 2(d), sixteen control points {Pj.k.0} ( j, k = 1, ...,m = n = 4) define the sub-interface Γhe of

Ω(1)
e (See Appendix C for details on how we define these control points). We subsequently introduce

sixteen dummy†† control points {Pj.k.1} ( j, k = 1, ...,m = n = 4), i.e., four-four times control

points superimposed to model the element edges. The 4-times superposed control points {P1−4,1,1}

and {P1−4,4,1} are coincident with two nodes of the element Ω1
e, and the 4-times superimposed130

control points {P1−4.k.1} ( k = 2, 3) are uniformly spaced between them. We then define a knot

vector for each parametric direction based on the order of the subdomains and the number of

control points in their directions. We use normalized knot vectors Ξ = H = {0, 0, 0, 0.5, 1, 1, 1}

for the parametric ξ- and η-directions, and Z = {0, 0, 1, 1} for the ζ-direction. Using the control net

{Pj.k.l} , j, k = 1, ..., 4, l = 0, 1 and knot vectors Ξ,H, and Z , we build the 3D NURBS volume135

for subdomain Ω(1)
e . The same approach is employed to construct a NURBS volume for the

integration element Ω(2)
e , utilizing {Pj.k.l} ( j, k = 1, ..., 4, l = 0, 2) and the same knot vectors

Ξ,H, and Z . The NURBS basis functions associated with the integration elements Ω(1)
e and Ω(2)

e

are denoted by R(1)
j.k.l,p.q.r and R(2)

j.k.l,p.q.r, with l = 0, 1 for Ω(1)
e , l = 0, 2 for Ω(2)

e , and j, k = 1, ..., 4

as shown in Figure 2(d). Since we have assumed p = q = 2 and r = 1 in this study, we hereafter140

drop the subscripts p, q, and r from the NURBS basis for convenience.

The enrichment functions ψjk (y) correspond to the control points {Pj.k.0} along the material

interface and are defined piecewise as

ψjk (y) =


ψ

(1)
jk (y) = R

(1)
j.k.0 (y) if y ∈ Ω

(1)
e

ψ
(2)
jk (y) = R

(2)
j.k.0 (y) if y ∈ Ω

(2)
e

j, k = 1, ..., 4 . (3)

‖The order of the approximation for the basis functions is arbitrary in the NIGFEM, and, for a highly curvilinear
interface, we may improve the precision of the approximation by choosing higher-order basis functions.
∗∗The number of control points in each parametric direction can vary depending on the geometric complexity of Γe.
††These control points are called ‘dummy’ because no degree-of-freedom is associated with them. They are solely

used to construct NURBS volumes.

(2020)
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The enrichment functions ψjk (y) are non-zero only in the interior of Ωe, i.e., they vanish on the

faces of Ωe that do not intersect the interface Γe. Moreover, these functions are C0-continuous in145

Ωe. Therefore, the displacement field uh is also C0-continuous.

3. COMPUTATIONAL HOMOGENIZATION

The objective of homogenization techniques is to determine the effective overall (macroscopic)

properties of a heterogeneous material. They have been developed for linear and nonlinear materials

in [88–90]. In this study, we adopt the homogenization scheme described in [89], where it is assumed

that the macroscopic structure is formed by a repeating composite unit cell, where the size of the150

unit cell is very small compared to the macroscopic structure.

To begin, let us consider a macroscopic body, ΩM , wherein each point X ∈ ΩM is assigned

a representative volume element, i.e., unit cell, which models the heterogeneous microstructure.

In our study we assume each volume element is identical, i.e., we use periodic unit cells Ωb =

ε

2
[−1, 1]

3, where ε is microstructure length scale. We also assume there are no instability or155

bifurcation phenomena at the microstructural scale that break the symmetry of the periodic unit

cell resulting in the non-convexity of the microscopic strain energy density function. Assuming that

the microstructural length scale is much smaller than its macroscopic counterpart, we decompose

the displacement solution in Ωb as

u (y) = ∇ūy + ũ (y) , (4)

where ũ is the perturbation (i.e., fluctuating) displacement due to the material heterogeneities (that160

is periodic and has zero average on Ωb), ū denotes the macroscopic displacement gradient, and y

is a point coordinate in Ωb. Owing to the assumption of periodicity, all admissible displacements

fields u ∈ V where

V =
{
v|v ∈ H1 (Ωb) ; v = Ay + ṽ

}
, (5)

(2020)



10 A. R. NAJAFI ET AL.

in which H1 is a Hilbert space, A is an arbitrary real second-order tensor, and ũ ∈ Ṽ where

Ṽ =
{
ṽ| ṽ ∈ H1 (Ωb) ; ṽ has zero average and is Y-periodic on ∂Ωb

}
. (6)

The local strain in Ωb with the small strain assumption takes the form165

ε (y) = ε̄+ ε̃ (y) , (7)

where ε̄ =
1

2

(
∇ū + (∇ū)

T
)

is the macroscopic strain and

ε̃ =
1

2

(
∇ũ + (∇ũ)

T
)
. (8)

is the perturbation strain.

In our strain-controlled homogenization problem, we impose a history of macroscopic strain ε̄

on the unit cell and compute the corresponding perturbation displacement field ũ by enforcing

equilibrium [56]. The periodicity of ũ leads to the periodicity of ∇ũ. And assuming strains and170

stresses are linear on the boundary of the unit cell, it can be shown that the traction σn = σ · n is

aperiodic [56] and thus, equilibrium, in the absence of body forces, requires that u ∈ V satisfies

∫
Ωb

σ (u) : ε (δũ) dΩ = 0, (9)

for all ũ ∈ Ṽ .

Having σ from (9), we compute the homogenized macroscopic stress σ̄ as [56, 89]

σ̄ =
1

|Ωb|

∫
Ωb

σdΩ. (10)

Marching through time, we evaluate the response trajectory by computing the perturbation175

displacement field ũ from (9) and then the corresponding macroscopic stress σ̄ from (10).

(2020)
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4. DAMAGE MECHANICS

To introduce nonlinearity to our model, we adopt the irreversible isotropic damage law suggested

by [91, 92]. In this section, we first summarize the model. Then, we outline our numerical

implementation and highlight important aspects of the coupled nonlinear analysis.

4.1. Isotropic continuum damage model180

The damage model is based on the following form of the free energy potential [91]:

ψ (ε, ω) = (1− ω)ψ0 (ε) , (11)

where ψ0 (ε)‡‡ is the initial elastic stored energy function in an undamaged (virgin) material, given

for the linear case by

ψ0 (ε) =
1

2
ε : D0 : ε, (12)

where D0 is the positive definite linear isotropic elasticity tensor. The factor (1− ω) on the right-

hand side of (11) provides the coupling between elasticity and damage.185

Using the constitutive assumption (11) and the Clausius−Duhem inequality

− ψ̇ + σ : ε̇ ≥ 0. (13)

It can be shown that the stress tensor satisfies

σ =
∂ψ (ε, ω)

∂ε
= (1− ω)

∂ψ0 (ε)

∂ε
, (14)

a thermodynamic force Y exist such that

Y =
∂ψ (ε, ω)

∂ω
= −ψ0 (ε) , (15)

‡‡We assume that ε→ ψ0 (ε) is a convex function.

(2020)



12 A. R. NAJAFI ET AL.

and dissipation inequality is defined as

D = −Y ω̇ ≥ 0. (16)

In the above, −Y is called the “damage strain energy release rate” and, since −Y is non-negative,190

we can interpret from (16) that ω̇ ≥ 0, i.e., the damage is not reversible.

Analogous to the yield surface in plasticity theory, we assume that damage occurs if the following

damage condition is violated,

g (Y ) = G (−Y )− ω ≤ 0, (17)

where everything is a function of time and at time t = 0, ω(t) = ω0 = 0. In (17), the progressive

degradation of the mechanical properties due to damage is characterized by the function G, which195

is represented by a three-parameter Weibull distribution [93],

G (Y ) = 1− exp
[
−
(
Y − Yin
p1Yin

)p2
]
, (18)

where Yin is the initial threshold, and p1, and p2 define the dimensional scale, and shape of the

curve. The isotropic damage model (18) is able to represent a wide range of materials.

To capture the damage growth, we minimize the regularized dissipation function

Dµ = −D +
1

2
µ 〈φ (g)〉2 , (19)

where µ is the damage fluidity coefficient, the scalar valued function φ is the viscous damage flow200

function, and the symbol 〈〉 denotes McAuley brackets. In the current study, we assume linear

viscous damage, i.e., φ (g) ≡ g, as suggested in [91, 92]. We then solve

min
Y
Dµ = −D +

1

2
µ 〈g〉2 = Y ω̇ +

1

2
µ 〈g〉2 , (20)

and the Karush-Kuhn-Tucker optimality conditions require

(2020)
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ω̇ = −µ 〈g〉 ∂g
∂Y

. (21)

Expanding the right-hand side of (21) gives

ω̇ = µ 〈g〉G′(−Y ), (22)

By excluding theG′(−Y ) > 0 contribution in (22) as suggested in [94], the evolution of ω is reduced205

to

ω̇ = µ 〈g〉 . (23)

The damage model described above is the rate-dependent (viscous) damage model presented

in [91, 92] by introducing the damage fluidity coefficient µ. This model addresses the issues

associated with rate-independent models that may lead to loss of strong material ellipticity, which

manifests itself with localization phenomenon and mesh-sensitivity numerical computations. As210

µ approaches zero, the model exhibits instantaneous elastic behavior, whereas, for µ approaching

infinity, the model exhibits rate-independent behavior.

4.2. Coupled nonlinear analysis

The analysis of a coupled damage-elasticity problem with nonlinear history-dependent material

response can be performed by applying the algorithm for transient nonlinear coupled systems215

described in [95]. Let U, W, R, and H denote the displacement, damage state variables, equilibrium

residual, and damage evolution residual vectors. A transient nonlinear coupled system at time nt

can be expressed in residual form as

nR
(
nU, n−1U, nW, n−1W

)
= 0,

nH
(
nU, n−1U, nW, n−1W

)
= 0,

(24)

where nR and nH are global equilibrium and local damage evolution residuals at time step nt, nU

and n−1U are the global displacement response vectors and nW and n−1W are the local damage220

(2020)



14 A. R. NAJAFI ET AL.

state variables at time steps nt and n−1t. Suppressing n−1t terms known quantities, (24) is written

as

nR (nU, nW) = 0,

nH (nU, nW) = 0.

(25)

As usual for nonlinear problems, the coupled nonlinear system (25) can be solved iteratively by

implementing the Newton-Raphson method to obtain nU and nW wherein nR and nH are assembled

into a single residual as225

nR (nU) =

 nR (nU, nW)

nH (nU, nW)

 = 0, (26)

where

nU =

 nU

nW

 . (27)

However, following [96], another way to obtain the solution of this coupled problem is to

uncouple it by treating the local response W as a function of the global response U and implementing

the Schur component Newton-Raphson scheme in two nested iterative loops, as described in [95,97].

In this approach, (25) is written as230

nR (nU, nW (nU)) = 0,

nH (nU, nW (nU)) = 0.

(28)

First, we evaluate the local response nW (nU) in the inner loop by solving the local residual of (28)

using the Newton-Raphson method for a fixed nU. In this iteration, the incremental response δW is

computed as

∂nH
∂nW

(
nU, nWJ (nU)

)
δW = −nH

(
nU, nWJ (nU)

)
, (29)

where
∂H
∂W is called the local tangent operator. Computing the incremental response δW, the local

response is updated as235

nWJ+1 (nU) = nWJ (nU) + δW. (30)
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We repeat the Newton-Raphson subiterations in the inner loop until it converges to obtain nW (nU).

Linearizing the global residual equation in (28) and implementing the Newton-Raphson method

in the outer loop results in the following equation for the incremental response δU:

[
∂nR
∂nU

(
nUI , nW

(
nUI

))
+

∂nR
∂nW

(
nUI , nW

(
nUI

)) ∂W
∂U

(
nUI

)]
δU = −nR

(
nUI , nW

(
nUI

))
,

(31)

where the term in square brackets represents the global tangent operator and

∂W
∂U

(
nUI

)
= −

(
∂nH
∂nW

(
nUI , nW

(
nUI

)))−1
∂nH
∂nU

(
nUI , nW

(
nUI

))
, (32)

follows from differentiating the local residual equation H = 0. Upon evaluating the incremental240

response δU, the global response in the next iteration, nUI+1, is obtained from

nUI+1 = nUI + δU. (33)

The iteration-subiteration process in two nested Newton-Raphson loops is repeated for each iterate

nUI until the global residual equation (28) converges.

In a multiscale NIGFEM framework, the elastic-damage coupled nonlinear problem presented in

Section (4.1) is solved by the local-global algorithm described above. Combining the weak form (9)245

and the finite element discretization provides equilibrium residual vector,

R
(
nŨe, nω

)
= A

e

∫
Ωe

BTσ
(
nŨe, nω

)
dΩe = A

e

∑
Gauss points

BT nσw |J| = A
e

∑
Gauss points

nRgp, (34)

where A
e

is the finite element assembly operator, Ωe is the finite element domain (Ωb ∼=
Ne∪
e=1

Ωe for

Ne finite elements), B is the strain displacement matrix defined in Appendix B, nŨe is the vector

of nodal element perturbation displacements (cf. (4)), and nω is the vector of Gauss point damage

state variables. As seen above the integral is approximated via a Gaussian quadrature where J is the250

Jacobian of the isoparametric mapping, w is the Gauss weight, and nσ is the stress tensor defined
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by (12) and (14),

nσ = (1− nω) D0

(
ε̄+ BnŨe

)
, (35)

where ε̄ is the macroscopic strain introduced in (7). Finally, nRgp is ellement guass point residual.

Before evaluating nRgp in (34), one needs to compute the Gauss point damage variables nω by

resolving the local residual equations. If the damage criterion (17) is violated or if g = 0, the local255

residual equation is formed from the damage evolution Equation (23) and the implicit backward

Euler scheme as:

nHgp

(
nŨe, nω

)
=

(
n−1ω + ∆t µG

(
−nY

(
ε̄+ BnŨe

)))
1 + ∆t µ

− nω = 0, (36)

where ∆t =n t−n−1 t is pseudo-time step. If g < 0, no further damage occurs and the local residual

nH is simply

nHgp (nω) = n−1ω − nω = 0. (37)

Ultimately, the nHgp = 0 equation is solved at the local level, i.e, at each Gauss point in the mesh.260

Fortunately, these scaler equations are not coupled.

Upon evaluating nω we compute the global tangent operator introduced in (31) by looping over

all the element Gauss points as

nK = A
e

∑
Gauss points

n
Ke
gp, (38)

where nKe
gp is the element Ωe Gauss point tangent stiffness matrix

nKe
gp =

∂nRgp

∂nŨe
− ∂nRgp

∂nω

(
∂nHgp

∂nω

)−1
∂nHgp

∂nŨe
. (39)
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In (39), the operators
∂nRgp

∂nŨe
,
∂nRgp

∂nω
,
∂nHgp

∂nω
, and

∂nHgp

∂nŨe
are computed as265

∂nRgp

∂nŨe
= BT (1−n ω) D0Bw|J|,

∂nRgp

∂nω
= −BTD0

(
ε̄+ BnŨe

)
w|J|,

∂nHgp

∂nω
= −1,

∂nHgp

∂nŨe
=


− ∆t µ

1 + ∆t µ

∂G

∂nY

(
ε̄+ BnŨe

)T
D0B if g ≥ 0,

[0] if g < 0,

(40)

where ε̄ is the macroscopic strain introduced in (4).

Ultimately the global tangent operator (38) is used in (31) to evaluate the incremental perturbation

displacement δŨ.

5. OPTIMIZATION PROBLEM AND SENSITIVITY ANALYSIS

Our optimization problem is stated in mathematical form as

min
d
h0

(
0U(X(d),d), 0W(X(d),d), ..., NfU(X(d),d),Nf W(X(d),d),X(d), d

)
,

such that dlb ≤ d ≤ dub,

hj
(

0U(X(d),d), 0W(X(d),d), ..., NfU(X(d),d),Nf W(X(d),d), X(d), d
)
≤ 0,

(41)

for j = 1, 2, ..., nc, where h0 is the objective functional, hj denotes the nc inequality constraint270

functionals, X denotes the mesh nodal coordinate vector, and d is the design variable vector,

subjected to the lower and upper bounds dlb and dub. The design variables describe the inclusion

geometrical parameters and the material properties that ultimately determine the homogenized

response of the composite material.

We solve the optimization problem (41) via a gradient-based approach to efficiently search the275

design space for the optimal solution, and thus we must provide the sensitivity of the objective and
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constraints functions. And because the design variables describe both geometry and material, we

must compute both shape and material sensitivities. The path-dependent nature of the nonlinear

problems of interest are accommodated by utilizing the path-dependent direct differentiation

sensitivity analysis in [95] and the shape sensitivity is obtained by using the development in [72].280

To present the sensitivity analysis, let us redefine the objective and constraint functionals by

considering only the terminal responses for conciseness as

F (d) = hj
(
NfUI (X (d) , d) , NfWI (X (d) , d) , X (d)

)
for j = 0, 1, ..., nc. (42)

For shape parameter di, the sensitivity of the functional expressed in (42) takes the form

dF
ddi

=

(
∂hj
∂NfU

)T
Nf
∗
Ui +

(
∂hj
∂NfW

)T
Nf
∗
Wi +

(
∂hj
∂X

)T
Vi, (43)

where
∗
Ui =

∂U
∂X

Vi +
∂U
∂di

and
∗
Wi =

∂W
∂X

Vi +
∂W
∂di

are the unknown material derivatives and

Vi =
∂X (d)

∂di
is the vector of nodal design velocities, i.e, the derivative of the node locations with285

respect to the design parameters. For the material parameters di, the sensitivity takes the simpler

form:

dF
ddi

=

(
∂hj
∂NfU

)T
∂NfU
∂di

+

(
∂hj
∂NfW

)T
∂NfW
∂di

+
∂hj
∂di

. (44)

For conciseness, we present hereafter only the details for the shape sensitivity (43).

To evaluate (43), we utilize the direct differentiation method wherein we compute the unknown

material derivatives
∗
Ui and

∗
Wi. To this end, we define the response fields U and W as functions of290

the design variable d, and write (24) as

nR
(
nU (X,d) , n−1U (X,d) , nW (X,d) , n−1W (X,d) ,X

)
= 0,

nH
(
nU (X,d) , n−1U (X,d) , nW (X,d) , n−1W (X,d) ,X

)
= 0,

(45)
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where it is understood that X is a function of d. To evaluate the implicit response sensitivities Nf
∗
Ui

and Nf
∗
Wi, we differentiate the residuals (45) with respect to design variable di as


∂Nf R
∂Nf U

Nf
∗
Ui + ∂Nf R

∂Nf−1U
Nf−1

∗
Ui + ∂Nf R

∂NfW
Nf
∗
Wi + ∂Nf R

∂Nf−1W
Nf−1

∗
Wi + ∂Nf R

∂X Vi = 0

∂NfH
∂Nf U

Nf
∗
Ui + ∂NfH

∂Nf−1U
Nf−1

∗
Ui + ∂NfH

∂NfW
Nf
∗
Wi + ∂NfH

∂Nf−1W
Nf−1

∗
Wi + ∂NfH

∂X Vi = 0

. (46)

Rearranging the second equation of (46), we detain an expression for Nf
∗
Wi in terms of Nf

∗
Ui as

(
∂NfH
∂NfW

)
Nf
∗
Wi =

[
∂NfH
∂NfU

Nf
∗
Ui +

∂NfH
∂Nf−1U

Nf−1
∗
Ui +

∂NfH
∂Nf−1W

Nf−1
∗
Wi +

∂NfH
∂X

Vi
]
, (47)

where
∂NfH
∂NfW is the local tangent operator used in the inner loop of the Newton-Raphson algorithm295

(29), and the term in the bracket on the right-hand side is referred to as the “local pseudo-load”.

Substituting Nf
∗
Wi from (47) into the first equation of (46) results in the following “global pseudo

problem”

[
∂NfR
∂NfU −

∂NfR
∂NfW

(
∂NfH
∂NfW

)−1
∂NfH
∂NfU

]
Nf
∗
Ui =−

[
∂NfR
∂Nf−1U

Nf−1
∗
Ui +

∂NfR
∂Nf−1W

Nf−1
∗
Wi

+
∂NfR
∂X

Vi −
∂NfR
∂NfW

(
∂NfH
∂NfW

)−1

×
(

∂NfH
∂Nf−1U

Nf−1
∗
Ui +

∂NfH
∂Nf−1W

Nf−1
∗
Wi

+
∂NfH
∂X

Vi
)]

,

(48)

where the left-hand side quantity in bracket is the global tangent operator introduced in the outer

loop of the primal analysis (31) and the right-hand side forms the “global pseudo-load”. After300

evaluating Nf
∗
Ui from (48), Nf

∗
Wi is obtained from (47). Note that in the pseudo problems we

solve for
∗
U and then

∗
W, but in the primal problems we first obtain W then U.

Equations (47) and (48) contain the derivatives Nf−1
∗
Ui and Nf−1

∗
Wi. But these are easily

evaluated. Indeed, just as we march in time to evaluate NfU and NfW, we march in time to

evaluate Nf
∗
Ui and Nf

∗
Wi. Starting from (46) we let Nf t→ 1t and use our knowledge of the initial305
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conditions 0
∗
Ui = 0 and 0

∗
Wi = 0 to evaluate 1

∗
Ui and 1

∗
Wi by first evaluating the pseudo-load in (48)

and computing the material derivative 1
∗
Ui using a back-substitution of the previously decomposed

global tangent stiffness matrix of (38). We then compute 1
∗
Wi by solving the local pseudo problem

(47) at each Gauss point. We then proceed to time 2t using our knowledge of 1
∗
Ui and 1

∗
Wi to evaluate

2
∗
Ui and 2

∗
Wi and so on. So the analysis for U and W and the sensitivity analysis for

∗
Ui and

∗
Wi are310

performed in tandem. At each time step nt we evaluate nU and nW and then their sensitivities n
∗
Ui

and n
∗
Wi. Finally, we evaluate F and

dF
ddi

from (42) and (43), respectively.

As depicted in Figure 1, the objective of our optimization problem is to obtain the desired

macroscopic material response by minimizing the objective function

h0 (d) =

∫ ε̄max

0

∥∥σ̄ (ε̄,d)− σdesired (ε̄)
∥∥2
dε̄∫ ε̄max

0
‖σdesired (ε̄)‖2 dε̄

. (49)

To perform the sensitivity analysis, the global pseudo-loads introduced in (48) at the loading step315

nt are evaluated by assembling the element Ωe pseudo-load vectors that are computed by summing

over the Gauss points,

nPips = A
e

∑
Gauss points

nPe
gp, (50)

where nPe
gp is determined for each finite element Gauss point as

nPe
gp =−

[
∂nRgp

∂n−1Ũe

n−1
∗

Ũe
i +

∂nRgp

∂n−1ω
n−1 ∗ωi +

∂nRgp

∂Xe
Vei −

∂nRgp

∂nω

(
∂nHgp

∂nω

)−1

×
(
∂nHgp

∂n−1Ũe

n−1
∗

Ũe
i +

∂nHgp

∂n−1ω
n−1 ∗ωi +

∂nHgp

∂Xe
Vei
)]

w|J|.
(51)

In (51), Rgp and Hgp are the global and local Gauss point residuals introduced in (34) and (36),

respectively. The operators
∂nRgp

∂n−1Ũe
,
∂nRgp

∂n−1ω
, and

∂nHgp

∂n−1Ũe
vanish owing to the definition of Rgp320

and Hgp, and the operators
∂nRgp

∂nŨe
,
∂nRgp

∂nω
,
∂nHgp

∂nω
, and

∂nHgp

∂nŨe
are defined in (40). The operator

∂nHgp

∂n−1ω
is expressed as

∂nHgp

∂n−1ω
=


1

1 + ∆tµ
if g ≥ 0,

1 if g < 0.

(52)
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The quantity
∂nRgp

∂Xe
Vei , which is nonzero over the enriched elements, is

∂nR

∂Xe
Vei =

∗
B
T

i (1−n ω) D0

(
ε̄+ BnŨe

)
+

 M̃11 M̃12(
M̃12

)T
M̃22


 nŨe

p

nŨe
ψ


+ BT (1−n ω) D0

(
ε̄+ BnŨe

)
vec (I)

T BVei ,

(53)

where vec (I) is the vector of Identity matrix, and the M̃ij matrices entering (53) are given by

M̃11 =

[
BT
N (1−n ω) D0

∗
BNi +

∗
B
T

Ni (1−n ω) D0BN

]
,

M̃12 =

[
BT
N (1−n ω) D0

∗
Bψi +

∗
B
T

Ni (1−n ω) D0Bψ

]
,

M̃22 =

[
BT
ψ (1−n ω) D0

∗
Bψi +

∗
B
T

ψi (1−n ω) D0Bψ

]
.

(54)

In (53), nŨe
ψ is the perturbation displacement associated with the enriched dofs added to the325

element along the material interface, and nŨe
p is the perturbation displacement of the original

nodes (Figure 2(d)). Combining these two terms, we have the element perturbation displacement

nŨe =

[ (
nŨe

p

)T (
nŨe

ψ

)T ]T . The matrices B, BN , and Bψ and their derivatives
∗
Bi,

∗
BNi, and

∗
Bψ appearing in (53) and (54), are provided in Appendix B and [72].

The term vec (I)
T BVei in (53) is the divergence of shape velocity field. More details for330

computing the shape velocity are presented in Appendix F and [72].

The Gauss point operator
∂nHgp

∂Xe
Vei appearing in (51) is computed as

∂nHgp

∂Xe
Vei =


− ∆t µ

1 + ∆t µ

∂G

∂nY

(
ε̄+ BnŨe

)T
D0

∗
BinŨe if g ≥ 0,

0 if g < 0.

(55)

6. VERIFICATION EXAMPLES

In this section, we present a number of problems involving the design of composite materials

exhibiting linear and nonlinear behaviors. In the first example, we design a 3D linear structure to
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verify the proposed NIGFEM shape optimization scheme. In the next examples, we demonstrate the335

multilevel framework to design composite materials. In these verification case studies, we design to

a macroscopic stress-strain curve associated with a particular inclusion configuration. In this way,

we guarantee that the optimal objective function value equals zero.

6.1. Optimal design of an ellipsoidal inclusion subjected to uniaxial loading

In this first example, we find the shape of an ellipsoidal inclusion embedded in a cube domain340

subjected to uniaxial tension σxx to minimize the compliance of structure. As depicted in Figure 3,

the domain is an L3 cube with ellipsoidal inclusion, that is stiffer than the surrounding matrix

(E2/E1 = 30 and ν1 = 1.5ν2). The design variables are the lengths and orientations of the

three ellipsoid axes. The range of the three ellipsoid axes are 0.2L ≤ a ≤ 0.4L, 0.1L ≤ b ≤

0.3L, 0.05L ≤ c ≤ 0.25L and their angles are limited to [0, π/2]. A maximum inclusion volume345

(V ≤ 4/3× π × (0.3L)3 = 0.1131L3) constrains the optimization problem. Owing to the loading

condition and the material mismatch between the inclusion and the matrix, we expect the ellipsoidal

inclusion to attain the maximum allowable volume and orient its major principal axis in the loading

direction. Starting far from optimal point (Figure 3(c)), the compliance gets minimized in few

iterations by moving to the expected optimal design (Figure 3(d)), whereas the volume constraint is350

satisfied as shown in Figure 3(b).

6.2. A unit cell with two inclusions subjected to macroscopic pure shear strain

In this example, we couple our shape optimization method with computational homogenization to

design the composite microstructure to obtain a desired macroscopic shear stress when subjected

to a macroscopic pure shear strain ε̄xy. The design domain is the periodic L3 unit cell with two355

inclusions as shown in Figure 4. To model the unit cell, we use a 3D finite element mesh that has one

element in the thickness direction. We assume damage only occurs in the inclusions. As illustrated

in Figure 1(b), the optimization goal is to find the radii and locations of the circular inclusions to

achieve the macroscopic stress-strain curve depicted by a red solid curve in Figure 5. The objective

function for this example is defined by (49) wherein the trapezoidal rule is used to compute the360
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Figure 3. Shape optimization of a stiff ellipsoidal inclusion embedded in a cubic domain subjected to an
uniaxial loading: (a) problem description; (b) convergence history of the structure compliance and the
inclusion volume fraction constraint; (c and d) initial and optimal designs. The contours represent the

normalized displacement in the x-direction over the inclusion surface.

integrals. To prevent the inclusions from overlapping, we constrain the distance Cij between the

centers of inclusions i and j such that Cij ≥ Ri +Rj + 0.08L, where Ri denotes the inclusions’

radii. We also define additional constraints that ensure the inclusions are wholly inside the domain.

E1, ⌫1

E2, ⌫2

L

x

y

"̄xy

R1

R2

(Yin)2

(Yin)3

E3, ⌫3

(p1)2, (p2)2

(p1)3, (p2)3

Figure 4. Multiscale design of a nonlinear composite: periodic unit cell including two inclusions. The design
variables are the size (radius) and center location of inclusions.
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To model the isotropic constituent materials, we use E2 = 10E1 = 100E3 = 100 GPa and ν1 =

0.22 and ν2 = ν3 = 0.34. We also assign p1 = 10, p2 = 1, and µ = 20S−1 for both inclusions, but

(Yin)3 = 10(Yin)2 = 500 Pa, cf. (18). The desired stress-strain response is associated with inclusion365

1 located at: Xc1 = 0.35, Yc1 = 0.65 with R1 = 0.25, and inclusion 2 located at: Xc2 = 0.75,

Yc2 = 0.25, with R2 = 0.15.

Figure 5 presents stress-strain curves for a few selected iterations. We observe that, although

we start far from the desired response, the optimizer quickly converges to the desired macroscopic

stress-strain curve. Figure 6 presents the results obtained for five different initial designs and shows370

that all converge to optimized microstructure configurations with the same desired macroscopic

nonlinear response. As illustrated in Figure 6, the different optimized configurations actually

represent one unique microstructure, but for a transformed unit cell. Specifically, there are four

different inclusion configurations that produce the desired nonlinear response due to the periodicity

of the unit cell, which is subjected to macroscopic pure shear strain. Figure 7 illustrates the deformed375

and undeformed shapes of the initial and optimized periodic unit cells for the design 3 of Figure 6.
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Figure 5. Stress-strain curves for some selected iterations. The desired response is shown by a solid curve,
while the computed (designed) response is denoted with symbols.
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Figure 6. Stress-strain curves for five different initial designs, (a) initial designs, (b) optimized designs.
As apparent from the optimized designs, various optimized configurations satisfy the desired stress-strain

response due to the periodicity of the unit cell.

Similar to the problem presented in Figure 4, Figure 8 shows an unit cell subjected to macroscopic

pure shear ε̄xy, but with eight inclusions. The material properties of the matrix (E1 and ν1), the

inclusions labeled by number 2 (E2, ν2, (p1)2, (p2)2, and (Yin)2), and the inclusions labeled

by number 3 (E3, ν3, (p1)3, (p2)3, and (Yin)3) are the same as those for the previous study.380

We optimize the inclusions’ radii and locations subject to the previously described constraints to

obtain the desired stress-strain response represented by the solid red curve in the same figure. The

size and location of inclusions associated with the desired stress-strain behavior are: (Xc1 = 0.15,

Yc1 = 0.15,R1 = 0.1) , (Xc2 = 0.50, Yc2 = 0.20,R2 = 0.15), (Xc3 = 0.85, Yc3 = 0.20,R3 = 0.09),

(Xc4 = 0.20, Yc4 = 0.47, R4 = 0.12), (Xc5 = 0.75, Yc5 = 0.50, R5 = 0.10), (Xc6 = 0.20, Yc6 =385

0.80, R6 = 0.12), (Xc7 = 0.50, Yc7 = 0.80, R7 = 0.09), and (Xc8 = 0.80, Yc8 = 0.80, R8 = 0.12).

The initial and optimized designs for this problem are also illustrated in the figure. As shown in

Figure 8, the optimizer quickly converges to the desired macroscopic stress-strain curve.

6.3. A cubic unit cell with three spherical particles subjected to a macroscopic pure shear strain

The third verification example is the design of the three-dimensional L3 unit cell with three spherical390

particles to obtain desired shear stress when subjected to a macroscopic pure shear strain ε̄xy
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Figure 7. Deformed and undeformed shapes of the periodic unit cell for the initial and optimal designs
associated with Figure 5. The contours indicate the normalized von Mises stress distribution in the unit cell.
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Figure 8. (a) Initial and (b) optimal designs and their associated macroscopic nonlinear responses for a unit
cell with eight inclusions. The numbers 1, 2, and 3 identify the three different materials for the matrix and

inclusions, respectively.
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(Figure 9(a)). The damage is again limited to the particles and we again assume isotropy and

use E2 = 10E1 = 100E3 = 100 GPa, ν1 = 0.22, and ν2 = ν3 = 0.34. We also use p1 = 10, p2 = 1,

and µ = 20S−1 for both inclusions, but (Yin)3 = 10(Yin)2 = 500 Pa. The total and perturbation

displacement magnitudes in the periodic unit cell associated with the initial design are presented395

in Figs. 9(b) and (c), respectively. The goal of this example is to find the optimal inclusions’ radii

producing the desired macroscopic nonlinear stress-strain response shown with the red solid curve

in Figure 10. Similar to all the verification examples, the desired stress-strain curve represents

the nonlinear behavior of a particular inclusion distribution (i.e., (Xc1 = 0.158, Yc1 = 0.158,

Zc1 = 0.158, R1 = 0.08) , (Xc2 = 0.53, Yc2 = 0.53, Zc2 = 0.53, R2 = 0.15), and (Xc3 = 0.158,400

Yc3 = 0.158, Zc3 = 0.158, R1 = 0.08)). As shown in the figure, the optimized unit cell exhibits

the desired response.

(a) (b) (c)

|u| |ũ|
12

3

Figure 9. (a) 3D periodic unit cell with three spherical particles; (b) and (c) total and perturbation
displacement magnitude in the unit cell subjected to a macroscopic pure shear strain ε̄xy for the initial

design. The displacements values are in mm.

7. APPLICATION EXAMPLES

We now apply the proposed multiscale optimization method to design microstructure for an arbitrary

macroscale material response. In contrast to verification examples, in this section, we choose the

desired macroscopic behaviors without any a priori knowledge. In particular, we select trilinear405

responses that resemble strain hardening, softening, and a “elastic-perfectly-plastic-like” behaviors,

and our goal is to find the geometrical and material parameters of the microstructures to obtain these

desired macroscopic behaviors.
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Figure 10. The initial (top) and optimal (bottom) designs for a 3D unit cell with three spherical inclusions.
The contours show the damage variable ω in the inclusions.

7.1. Nonlinear multiscale design of a periodic composite for a desired macroscopic trilinear

response410

In the first application example, we optimize the two inclusions unit cell (cf. Figure 4) of Section 6.2

to obtain the desired trilinear response illustrated by the solid red curve in Figure 11(b). The

optimized results appear in Figure 11. As shown in the Figure 11(b), starting far from the desired

curve, the optimizer tries to approach to the desired curve while reducing the objective function. As

apparent there, the final curve does not completely match to the desired response but it is very close415

to it.
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Figure 11. (a) Convergence history of the objective function defined in (49) for the Figure 6(a) design;
(b) stress-strain curves for selected iterations. The desired response is shown with a solid curve, while the

computed (designed) stress-strain curves are plotted with symbols.

7.2. Design of a periodic composite for a set of desired macroscopic trilinear stress-strain curves

In this example, we now design five different two inclusions periodic unit cells to achieve five

different trilinear perfectly plastic macroscopic stress-strain curves§§(Figure 12(a)). The unit cell is

subjected to a macroscopic uniaxial strain ε̄x. In addition to the inclusion geometry, we also optimize420

the constituent properties. The initial material properties are assumed as E2 = 10E1 = 100E3 =

100 GPa, ν1 = ν2 = ν3 = 0.34, and (Yin)3 = 10(Yin)2 = 600 Pa. We also use p1 = 10, p2 = 1 and

µ = 20s−1 for both inclusions. The macroscopic nonlinear response for the initial design is plotted

in Figure 12(a) with blue circle symbols. Figure 12(b) shows how the stress-strain curves approaches

the desired curves as the optimization converges to the designs depicted in Figure 12(d). The optimal425

design variable values are presented in Table I. As seen in the table, we allow the optimizer to find

different material properties for each inclusion to achieve desired macroscopic stress-strain curves.

Of course, we know the ability to assign properties to each individual inclusion is a difficult task, but

with the ever increasing advancements in additive manufacturing technologies, this may be viable

in the not so distant future.430

§§Note that we do not consider any plastic behavior in this study and nonlinearity is introduced through an isotropic
damage model.
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Table I. Optimal design variables for five different desired trilinear stress-strain curves shown in Figure 12.

R/L Xc/L Yc/L E (GPa) Yin(Pa) p1 

Desired 
design 1 

Inclusion 1 0.18 0.25 0.52 52.21 31.56 1.50 

Inclusion 2 0.18 0.74 0.35 4.59 902.54 2.96 

Desired 
design 2 

Inclusion 1 0.27 0.33 0.64 136.20 20.18 1.84 

Inclusion 2 0.18 0.74 0.25 0.5 119.53 0.1 

Desired 
design 3 

Inclusion 1 0.28 0.32 0.64 119.67 5.96 23.02 

Inclusion 2 0.18 0.73 0.28 0.5 50 0.1 

Desired 
design 4 

Inclusion 1 0.30 0.34 0.64 50 21.94 100 

Inclusion 2 0.18 0.75 0.26 0.5 100 0.1 

Desired 
design 5 

Inclusion 1 0.31 0.35 0.65 61.01 29.20 70.94 

Inclusion 2 0.18 0.75 0.25 0.90 156.49 0.44 

Initial Design 	 From left to right, Desired Designs 1, 2, 3, 4, and 5 	

(a) (b)

(c) (d)

Figure 12. (a) Initial and desired stress-strain curves; (b) optimized and desired stress-strain curves; (c) initial
and (d) optimized configurations of five two inclusions unit cells.

Now we repeat this example by replacing the perfectly plastic regions in the trilinear stress-strain

curves with five different linear segments to resemble strain hardening and softening behaviors.

Five optimized unit cells are designed for both the single and double inclusion cases. Results for

the single inclusion case appear in Figure 13 and Table II. As apparent in the figure, the unit cell’s

responses with one inclusion are not capable of matching the desired stress-strain curves.435
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(a) (b)

Figure 13. (a) Initial (dotted curve) and five desired stress-strain curves (solid curves) and (b) five optimized
(dotted curve) and desired stress-strain curves for the single inclusion case.

Table II. Initial and optimal design variables for five different desired trilinear stress-strain curves shown in
Figure 13.

R/L E (GPa) Yin(Pa) p1 

Initial design 0.1 100 60 10 

Desired design 1 0.34 50.00 17.85 8.04 

Desired design 2 0.34 50.00 14.26 55.17 

Desired design 3 0.34 50.00 34.91 26.84 

Desired design 4 0.34 50.00 55.35 27.86 

Desired design 5 0.34 50.00 31.31 75.22 

Figure 14 and Table III show the results for the two inclusion cases. The optimized

microstructures reasonably to capture to the desired trilinear stress-strain curves, except for the fifth

curve that exhibits strain softening. A unit cell with more inclusions would be needed to capture this

behavior.

7.3. A cubic unit cell with a spherical particles subjected to a macroscopic pure shear strain440

The last example is the design of the 3-D cubic periodic unit cell of size L containing a spherical

particle to obtain a pair of trilinear perfectly plastic macroscopic stress-strain responses (Figure 15).

The unit cell is subjected to a macroscopic pure shear strain ε̄xy. The design parameters are the
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Initial Design From left to right, Desired Designs 1, 2, 3, 4, and 5 

(a) (b)

(c) (d)

Figure 14. (a) Initial (dotted curve) and five desired stress-strain curves (solid curves) and (b) five optimized
(dotted curve) and desired stress-strain curves for the double inclusion case; (c) initial and (d) final

configurations of the unit cell containing two inclusions.

Table III. Initial and optimal design variables for five different desired trilinear stress-strain curves shown in
Figure 14.

R/L Xc/L Yc/L E (GPa) Yin(Pa) p1 

Initial 
design 

Inclusion 1 0.1 0.3 0.55 100 60 10 

Inclusion 2 0.1 0.7 0.3 1 600 10 

Desired 
design 1 

Inclusion 1 0.30 0.33 0.63 56.63 12.47 76.84 

Inclusion 2 0.18 0.74 0.26 0.50 50 0.10 

Desired 
design 2 

Inclusion 1 0.30 0.34 0.63 50 141.59 15.45 

Inclusion 2 0.18 0.74 0.25 0.5 115.11 30.72 

Desired 
design 3 

Inclusion 1 0.30 0.33 0.64 50 39.97 81.69 

Inclusion 2 0.18 0.75 0.27 0.50 100 0.10 

Desired 
design 4 

Inclusion 1 0.30 0.33 0.63 180.49 9.20 26.33 

Inclusion 2 0.18 0.75 0.27 0.50 50.09 0.10 

Desired 
design 5 

Inclusion 1 0.30 0.34 0.63 68.76 29.71 100 

Inclusion 2 0.18 0.75 0.26 0.50 130.75 0.10 

inclusion’s radius and the linear and nonlinear constituent properties. The inclusion’s initial radius

is R1 = 0.25, and it is located at the center of the unit cell. The initial material properties are also445

assumed as E2 = 10E1 = 100 GPa, ν1 = 0.22, and ν2 = 0.34. We also consider p1 = 10, p2 = 1,

and µ = 20S−1, and Yin = 50 MPa for the inclusion damage parameters. The macroscopic material
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nonlinear response associated with the initial design is illustrated In Figure 15(b) with blue circle

markers. Figure 15(c) and (d) show stress-strain curves for some selected optimization iteration

while the optimizer converges to the desired designs. The optimized design variable values are450

presented in Table IV. As seen in Figure 15(c) and (d), the unit cell with optimized microstructures

capture the linear responses but is not able to capture the plateau associated with the transition.

Similar to the example presented in Figure 14, a more complex unit cell containing more inclusions

would be needed to achieve a closer match to the desired macroscopic response.
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Figure 15. (a) 3D periodic unit cell with a spherical inclusion subjected to a macroscopic pure shear strain
ε̄xy; (b) initial and desired stress-strain curves; (c) and (d) stress-strain curves for five selected optimization

iterations, approaching the desired macroscopic responses 1 and 2, respectively.
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Table IV. Optimal design variables for two different desired trilinear stress-strain curves shown in Figure 15.

R/L E (GPa) Yin(Pa) p1

Initial design 0.25 100 50 10

Desired design 1 0.35 100 10 9.99

Desired design 2 0.37 100 22.86 9.99

8. CONCLUSIONS

A gradient-based, multiscale shape optimization framework was presented for the design of455

materials with linear and nonlinear behavior. The multiscale method was implemented using the

mathematical theory of homogenization to design the microstructure of heterogeneous materials

to achieve a desired macroscopic behavior. An irreversible isotropic damage law was adopted

to introduce nonlinearity into the model. This inverse homogenization problem was solved via a

gradient-based shape optimization scheme. The sensitivity of this nonlinear coupled system was460

also provided through an analytic direct differentiation formulation that efficiently and accurately

provides the gradient of the cost and constraint functions.

The numerical discretization was based on the recently introduced NURBS-based Interface-

enriched Generalized Finite Element Method (NIGFEM) that is extended here to solve 3D

problems. The method allows for using a fixed discretization, taking advantage of both Eulerian465

and Lagrangian approaches to eliminate mesh distortion issues as well as to accurately represent

geometrical features.

Combining with computational homogenization and a continuous damage model, the presented

optimization scheme was used to design composites microstructures with elastic and/or nonlinear

response to achieve desired macroscopic behaviors.470
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APPENDIX

A. NURBS CURVES, SURFACES, AND VOLUMES

NURBS are one of the most common methods used to represent complex curves, surfaces and

volumes. A NURBS curve is built from B-splines basis functions, which are defined over a

parametric space, with a set of knot vectors [87, 98, 99]. A knot vector for the 1D curve is a set

of non-decreasing real numbers, ξi, representing coordinates (knots) in the parametric space:

Ξ = {ξ1, ξ2, ..., ξl+p+1} , (A.1)

where l is the number of B-spline basis functions and p is the polynomial order of the B-spline basis485

functions. Knot vectors can be presented in the normalized form,

Ξ =


p+1︷ ︸︸ ︷

0, ..., 0, ξp+2, ..., ξl,

p+1︷ ︸︸ ︷
1, ..., 1

 , (A.2)

where the multiplicity adopted for the first and last knots ensures the NURBS curve passes through

the end points.
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The B-spline basis functions Bi,p are defined recursively, starting with p = 0, as

Bi,0 (ξ) =


1 if ξi ≤ ξ < ξi+1

0 otherwise

, (A.3)

and, for p ≥ 1,490

Bi,p (ξ) =
ξ − ξi

ξi+p − ξi
Bi,p−1 (ξ) +

ξi+p+1 − ξ
ξi+p+1 − ξi+1

Bi+1,p−1 (ξ) . (A.4)

The most notable properties of B-spline basis functions are their non-negativity, partition of unity

(i.e.,
l∑
i=1

Bi,p (ξ) = 1, for all ξ), and compact support. The support of Bi,p is limited to the interval

[ξi, ξi+p+1] and in each knot span [ξi, ξi+1), there are at most p+ 1 non-zero basis functions.

Moreover, they are Cp−k continuous at each knot with multiplicity k.

Built on B-spline basis functions, NURBS curves C are defined as495

C =

{
ξ ∈ [0, 1] : X = C (ξ) =

l∑
i=1

Ri,p (ξ) Pi

}
, (A.5)

where the Pi = [P xi P
y
i , P

z
i ]
T are the control point coordinate vectors in 3D space, and Ri,p are the

rational B-spline basis functions, i.e., the NURBS basis functions,

Ri,p (ξ) =
Bi,p (ξ)wi
l∑

j=1

Bj,p (ξ)wj

, (A.6)

where wi are the associated weights that are equated to one in this study.

In an analogous fashion to NURBS curves, NURBS surfaces Γ are defined from two knot vectors

Ξ = {ξ1, ξ2, ..., ξl+p+1} and H = {η1, η2, ..., ηm+q+1}, and a bidirectional net of control points500

{Pi.j} , i = 1, 2, ..., l, j = 1, 2, ..., m as

Γ =

{
(ξ, η) ∈ [0, 1]

2
: X = S (ξ, η) =

l∑
i=1

m∑
j=1

Ri.j,p.q (ξ, η) Pi.j

}
, (A.7)
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where the basis Ri.j,p.q functions are the tensor products of order p and q B-spline basis functions,

Ri.j,p.q (ξ, η) =
Bi,p (ξ)Bj,q (η)wi.j

l∑
k=1

m∑
h=1

Bk,p (ξ)Bh,q (η)wk.h

, (A.8)

where the weights wi.j are again equated to one. Here, each interval [ξi, ξi+1)× [ηj , ηj+1)

is referred to as a knot span. Likewise, a tridirectional net of control points {Pi.j.k} , i =

1, 2, ..., l, j = 1, 2, ..., m, k = 1, 2, ..., n and three knot vectors Ξ = {ξ1, ξ2, ..., ξl+p+1}, H =505

{η1, η2, ..., ηm+q+1} and Z = {ζ1, ζ2, ..., ζn+r+1}, are used to define NURBS volumes Ω as

Ω =

{
(ξ, η, ζ) ∈ [0, 1]

3
: X = V (ξ, η, ζ) =

l∑
i=1

m∑
j=1

n∑
k=1

Ri.j.k,p.q.r (ξ, η, ζ) Pi.j.k

}
, (A.9)

where the basis functions

Ri.j.k,p.q.r (ξ, η) =
Bi,p (ξ)Bj,q (η)Bk,r (ζ)wi.j.k

l∑
e=1

m∑
g=1

n∑
h=1

Be,p (ξ)Bg,q (η)Bh,r (ζ)we.g.h

, (A.10)

are again defined via the tensor products of order p, q and r B-spline basis functions. The

basis function Ri.j.k,p.q.r preserves all of the properties of univariate and bivariate B-spline basis

functions, including compact support, non-negativity, and partition of unity. Interested readers are510

referred to [87, 98, 99] for more information regarding NURBS.

B. NIGFEM FORMULATION

We illustrate the NIGFEM formulation in the content of linear elastic problems. Over a 3D structural

problem with domain Ω =
NΩ∪
i=1

Ωi ⊂ R3,
NΩ∩
i=1

Ωi = ∅ with closure Ω̄, which is bounded by ∂Ω =

Ω̄− Ω with outward normal vector n, where NΩ is the number of subdomains Ωi, i = 1, 2, ..., NΩ,

over which the material is, without loss of generality, assumed to be uniform. The boundary ∂Ω is515

split into two complementary subsets St and Su, i.e., ∂Ω = Su ∪ St and Su ∩ St = ∅, upon which
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traction t and displacement u are prescribed. A body force b is applied throughout Ω. We assume

that the material interfaces are smooth and defined by Γ =
NΓ∪
i=1

Γi ⊂ R2, where NΓ is the number

of interfaces. Without loss of generality, we also assume
NΓ∩
i=1

Γi = ∅ (so that NΓ = NΩ) and the

boundary ∂Ω is fixed for the optimization and denote the normal vector on each material interface520

Γi by ni.

To present the finite element formulation, let us represent the NIGFEM interpolation (1) in the

matrix form as follows:

uh (X) =

ne∑
i=1

Ni(x)ui +

nψj∑
j=1

nψk∑
k=1

ψjk(x)αjk

=

[
N (X) Ψ (X)

]
U

A

 ,

(B.1)

where

N =


N1 0 0 N2 0 0 ... Nne 0 0

0 N1 0 0 N2 0 ... 0 Nne 0

0 0 N1 0 0 N2 ... 0 0 Nne

 = Ne ⊗ I, (B.2)

⊗ is the Kronecker product¶¶, I is a 3× 3 identity matrix, and Ne = [N1 N2 ...Nne ] is the vector of525

element shape functions. We also define

Ψ = ψ ⊗ I,

U =

[
ux1 uy1 uz1 ux2 uy2 uz2 ... uxne uyne uzne

]T
,

A =

[
αx11 αy11 αz11 αx12 αy12 αz12 ... αxnψjnψk

αynψjnψk
αznψjnψk

]T
,

(B.3)

where ψ =
[
ψ11 ψ12 ... ψnψjnψk

]
.

¶¶The Kronecker product of two matrices A and B with A = [ai,j ] is defined as [100]

A⊗B = [ai,jB] .
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For a linear elastic problem, the discretized equilibrium equation is

KU = F, (B.4)

where U, F, and K denote the global displacement vector, global force vector, and global stiffness

matrix, respectively. As usual, K is assembled from the element Ωe stiffness matrices Ke,530

Ke =

∫
Ωe

BT (X)D (X)B (X) dΩ, (B.5)

where D is the constitutive matrix for a linear elastic material. The strain displacement matrix

B (X) =

[
BN (X) Bψ (X)

]
(B.6)

is partitioned such that

BN (X) =



∂N1

∂x 0 0 ∂N2

∂x 0 0 ...
∂Nne
∂x 0 0

0 ∂N1

∂y 0 0 ∂N2

∂y 0 ... 0
∂Nne
∂y 0

0 0 ∂N1

∂z 0 0 ∂N2

∂z ... 0 0
∂Nne
∂z

∂N1

∂y
∂N1

∂x 0 ∂N2

∂y
∂N2

∂x 0 ...
∂Nne
∂y

∂Nne
∂x 0

0 ∂N1

∂z
∂N1

∂y 0 ∂N2

∂z
∂N2

∂y ... 0
∂Nne
∂z

∂Nne
∂y

∂N1

∂z 0 ∂N1

∂x
∂N2

∂z 0 ∂N2

∂x ...
∂Nne
∂z 0

∂Nne
∂x



,

Bψ (X) =



∂ψ11

∂x 0 0 ∂ψ12

∂x 0 0 ...
∂ψnψj nψk

∂x 0 0

0 ∂ψ11

∂y 0 0 ∂ψ12

∂y 0 ... 0
∂ψnψj nψk

∂y 0

0 0 ∂ψ11

∂z 0 0 ∂ψ12

∂z ... 0 0
∂ψnψj nψk

∂z

∂ψ11

∂y
∂ψ11

∂x 0 ∂ψ12

∂y
∂ψ12

∂x 0 ...
∂ψnψj nψk

∂y

∂ψnψj nψk
∂x 0

0 ∂ψ11

∂z
∂ψ11

∂y 0 ∂ψ12

∂z
∂ψ12

∂y ... 0
∂ψnψj nψk

∂z

∂ψnψj nψk
∂y

∂ψ11

∂z 0 ∂ψ11

∂x
∂ψ12

∂z 0 ∂ψ12

∂x ...
∂ψnψj nψk

∂z 0
∂ψnψj nψk

∂x



.

(B.7)
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By substituting (B.6) into (B.5), we have

Ke =

 Ke
uu Ke

uα

(Ke
uα)

T
Ke
αα

 , (B.8)

where

Ke
uu =

ms∑
i=1

∫
Ω

(i)
e

BT
N (X)D (X) BN (X) dΩ,

Ke
uα =

ms∑
i=1

∫
Ω

(i)
e

BT
N (X)D (X) Bψ (X) dΩ, (B.9)

Ke
αα =

ms∑
i=1

∫
Ω

(i)
e

BT
ψ (X)D (X) Bψ (X) dΩ,

and ms is the number of subdomains in an enriched element. The above holds for the enriched535

elements. For all the other elements, Bψ = 0, and the element stiffness matrix takes the usual form.

Similarly, the global nodal force vector F in (B.4) is assembled from the element nodal force

vector Fe,

Fe =

∫
Ωe

NT (X) b (X) dΩ +

∫
Γe∩St

NT (X) t (X) dΓ, (B.10)

where N is the element shape function vector, given by

N (X) =

[
N (X) Ψ (X)

]
. (B.11)

Substituting (B.11) into (B.10) leads to540

Fe =

 Feu

Feα

 , (B.12)

(2020)
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where

Feu =

ms∑
i=1

[∫
Ω

(i)
e

NT (X) b (X) dΩ +

∫
Γ

(i)
e ∩St

NT (X) t (X) dΓ

]
,

Feα =

ms∑
i=1

[∫
Ω

(i)
e

ΨT (X) b (X) dΩ +

∫
Γ

(i)
e ∩St

ΨT (X) t (X) dΓ

]
. (B.13)

As with the element stiffness matrix, Feα 6= 0 only for the enriched elements. To evaluate the

integrals appearing over the enriched element subdomains Ω
(i)
e in (B.9) and (B.13) special care must

be taken. We perform these integrations by Gaussian quadrature using a span-wise mapping (SWM)

in which the element sub-domains serve as integration elements. Further details about NIGFEM545

integration and quadrature scheme are provided in [72,74,75]. It is worth mentioning that the SWM

affects the sensitivity analysis.

C. INTRODUCING THE CONTROL POINTS ON SUB-INTERFACE Γhe

To discuss how sixteen control points of the sub-interface Γhe (illustrated in Figure 2) are defined,

consider Figure C16. The four control points {Pi.1.0} , i = 1, ..., 4 (shown by red cubes) that define

the boundary NURBS curve Ce1 , are on the element top face. To determine their precise location,550

we first find the intersections between the material interface Γ and the element edges. This step is

readily done to obtain the intersection pointsA andE (shown by the blue triangles). In the next step,

we draw two lines on the top face that are perpendicular to the line segment AE and that divide it

evenly (shown by the green lines, marked with Li, i = 1, 2). Please refer to Appendix D for more

details on constructing the NURBS equations of the lines Li. The intersection of these two lines555

with the material interface Γ defines points B and D (depicted by the green circles). We finally

use the global curve interpolation algorithm to construct the NURBS curve Ce1 that passes through

points A,B,D, and E [87]. In this approach, we use a chord length technique (see the Appendix E)

to assign a parameter value, βi, to each intersection point and select an appropriate knot vector

(2020)
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B = {β1 = βA = 0, β2 = βB , β3 = βD, β4 = βE = 1}. We then solve linear equations560

Qj = Ce
1 (βj) =

NCP=4∑
i=1

Ri (βj) Pi.1.0 (C.1)

for the control point coordinates {Pi.1.0} , i = 1, ..., 4, where Qj , j = 1, ..., 4, denotes the

coordinates A, B, D, and E of the intersection points A,B,D, and E, NCP = 4 denotes the

number of control points of Ce1 , and Ri are the NURBS basis functions defined in A.6. We can

find the remaining control points of the sub-interface Γhe (i.e., {Pi.j.0} , i = 1, ..., 4, j = 2, ..., 4) in

a similar manner.565

Intersected 
Element ⌦e

Sub-interface

�h
e
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P3.1.0
<latexit sha1_base64="teJQFRIDg20LS0wxNiQXkprTxbw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05JVQY9FLx4r2Fppl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7Syura+Ud6sbG3v7O5V9w9aJsk0ZU2aiES3I2KY4Io1LbeCtVPNiIwEe4hGN1P/4YlpwxN1b8cpCyUZKB5zSqyTHhu9/NwPfDzpVWvYxzOgZRIUpAYFGr3qV7ef0EwyZakgxnQCnNowJ9pyKtik0s0MSwkdkQHrOKqIZCbMZwdP0IlT+ihOtCtl0Uz9PZETacxYRq5TEjs0i95U/M/rZDa+CnOu0swyReeL4kwgm6Dp96jPNaNWjB0hVHN3K6JDogm1LqOKCyFYfHmZtM78APvB3UWtfl3EUYYjOIZTCOAS6nALDWgCBQnP8ApvnvZevHfvY95a8oqZQ/gD7/MHT6mPaw==</latexit><latexit sha1_base64="teJQFRIDg20LS0wxNiQXkprTxbw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05JVQY9FLx4r2Fppl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7Syura+Ud6sbG3v7O5V9w9aJsk0ZU2aiES3I2KY4Io1LbeCtVPNiIwEe4hGN1P/4YlpwxN1b8cpCyUZKB5zSqyTHhu9/NwPfDzpVWvYxzOgZRIUpAYFGr3qV7ef0EwyZakgxnQCnNowJ9pyKtik0s0MSwkdkQHrOKqIZCbMZwdP0IlT+ihOtCtl0Uz9PZETacxYRq5TEjs0i95U/M/rZDa+CnOu0swyReeL4kwgm6Dp96jPNaNWjB0hVHN3K6JDogm1LqOKCyFYfHmZtM78APvB3UWtfl3EUYYjOIZTCOAS6nALDWgCBQnP8ApvnvZevHfvY95a8oqZQ/gD7/MHT6mPaw==</latexit><latexit sha1_base64="teJQFRIDg20LS0wxNiQXkprTxbw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05JVQY9FLx4r2Fppl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7Syura+Ud6sbG3v7O5V9w9aJsk0ZU2aiES3I2KY4Io1LbeCtVPNiIwEe4hGN1P/4YlpwxN1b8cpCyUZKB5zSqyTHhu9/NwPfDzpVWvYxzOgZRIUpAYFGr3qV7ef0EwyZakgxnQCnNowJ9pyKtik0s0MSwkdkQHrOKqIZCbMZwdP0IlT+ihOtCtl0Uz9PZETacxYRq5TEjs0i95U/M/rZDa+CnOu0swyReeL4kwgm6Dp96jPNaNWjB0hVHN3K6JDogm1LqOKCyFYfHmZtM78APvB3UWtfl3EUYYjOIZTCOAS6nALDWgCBQnP8ApvnvZevHfvY95a8oqZQ/gD7/MHT6mPaw==</latexit><latexit sha1_base64="teJQFRIDg20LS0wxNiQXkprTxbw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05JVQY9FLx4r2Fppl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7Syura+Ud6sbG3v7O5V9w9aJsk0ZU2aiES3I2KY4Io1LbeCtVPNiIwEe4hGN1P/4YlpwxN1b8cpCyUZKB5zSqyTHhu9/NwPfDzpVWvYxzOgZRIUpAYFGr3qV7ef0EwyZakgxnQCnNowJ9pyKtik0s0MSwkdkQHrOKqIZCbMZwdP0IlT+ihOtCtl0Uz9PZETacxYRq5TEjs0i95U/M/rZDa+CnOu0swyReeL4kwgm6Dp96jPNaNWjB0hVHN3K6JDogm1LqOKCyFYfHmZtM78APvB3UWtfl3EUYYjOIZTCOAS6nALDWgCBQnP8ApvnvZevHfvY95a8oqZQ/gD7/MHT6mPaw==</latexit>P4.1.0

<latexit sha1_base64="WjCPIfJ1EUFnbuuyudClxsrg2y4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05IVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7S2vrG5Vd6u7Ozu7R9UD49aJsk0ZU2aiER3ImKY4Io1LbeCdVLNiIwEa0fj25nffmLa8EQ92EnKQkmGisecEuukx0Y/v/QDH0/71Rr28RxolQQFqUGBRr/61RskNJNMWSqIMd0ApzbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQgiWX14lrQs/wH5wf1mr3xRxlOEETuEcAriCOtxBA5pAQcIzvMKbp70X7937WLSWvGLmGP7A+/wBUTKPbA==</latexit><latexit sha1_base64="WjCPIfJ1EUFnbuuyudClxsrg2y4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05IVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7S2vrG5Vd6u7Ozu7R9UD49aJsk0ZU2aiER3ImKY4Io1LbeCdVLNiIwEa0fj25nffmLa8EQ92EnKQkmGisecEuukx0Y/v/QDH0/71Rr28RxolQQFqUGBRr/61RskNJNMWSqIMd0ApzbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQgiWX14lrQs/wH5wf1mr3xRxlOEETuEcAriCOtxBA5pAQcIzvMKbp70X7937WLSWvGLmGP7A+/wBUTKPbA==</latexit><latexit sha1_base64="WjCPIfJ1EUFnbuuyudClxsrg2y4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05IVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7S2vrG5Vd6u7Ozu7R9UD49aJsk0ZU2aiER3ImKY4Io1LbeCdVLNiIwEa0fj25nffmLa8EQ92EnKQkmGisecEuukx0Y/v/QDH0/71Rr28RxolQQFqUGBRr/61RskNJNMWSqIMd0ApzbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQgiWX14lrQs/wH5wf1mr3xRxlOEETuEcAriCOtxBA5pAQcIzvMKbp70X7937WLSWvGLmGP7A+/wBUTKPbA==</latexit><latexit sha1_base64="WjCPIfJ1EUFnbuuyudClxsrg2y4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05IVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7S2vrG5Vd6u7Ozu7R9UD49aJsk0ZU2aiER3ImKY4Io1LbeCdVLNiIwEa0fj25nffmLa8EQ92EnKQkmGisecEuukx0Y/v/QDH0/71Rr28RxolQQFqUGBRr/61RskNJNMWSqIMd0ApzbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQgiWX14lrQs/wH5wf1mr3xRxlOEETuEcAriCOtxBA5pAQcIzvMKbp70X7937WLSWvGLmGP7A+/wBUTKPbA==</latexit>

E
<latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VtRlgGg+f8Ulpp708TZqCSc7Eg8=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpiOCyBfuAdiiZ9E4bm8kMyR2hlP4CNy4U8W+589+YPhbaeiDwcU5C7j1RpqQl3//2ClvbO7t7xf3SQfnw6LhyUm7ZNDcCmyJVqelE3KKSGpskSWEnM8iTSGE7Gt/N8/YzGitT/UiTDMOED7WMpeDkrMZ9v1L1a/5CbBOCFVRhpXq/8tUbpCJPUJNQ3Npu4GcUTrkhKRTOSr3cYsbFmA+x61DzBG04XQw6YxfOGbA4Ne5oYgv394spT6ydJJG7mXAa2fVsbv6XdXOKb8Kp1FlOqMXyozhXjFI235oNpEFBauKACyPdrEyMuOGCXDclV0KwvvImtK5qgV8LGj4U4QzO4RICuIZbeIA6NEEAwgu8wbv35L16H8u6Ct6qt1P4I+/zB4Z4i3Y=</latexit><latexit sha1_base64="VtRlgGg+f8Ulpp708TZqCSc7Eg8=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpiOCyBfuAdiiZ9E4bm8kMyR2hlP4CNy4U8W+589+YPhbaeiDwcU5C7j1RpqQl3//2ClvbO7t7xf3SQfnw6LhyUm7ZNDcCmyJVqelE3KKSGpskSWEnM8iTSGE7Gt/N8/YzGitT/UiTDMOED7WMpeDkrMZ9v1L1a/5CbBOCFVRhpXq/8tUbpCJPUJNQ3Npu4GcUTrkhKRTOSr3cYsbFmA+x61DzBG04XQw6YxfOGbA4Ne5oYgv394spT6ydJJG7mXAa2fVsbv6XdXOKb8Kp1FlOqMXyozhXjFI235oNpEFBauKACyPdrEyMuOGCXDclV0KwvvImtK5qgV8LGj4U4QzO4RICuIZbeIA6NEEAwgu8wbv35L16H8u6Ct6qt1P4I+/zB4Z4i3Y=</latexit><latexit sha1_base64="UuWujcJ1qnBgRNBp8ukQAU/1iwM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeTcoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrupX6TR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Al62MxQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VtRlgGg+f8Ulpp708TZqCSc7Eg8=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpiOCyBfuAdiiZ9E4bm8kMyR2hlP4CNy4U8W+589+YPhbaeiDwcU5C7j1RpqQl3//2ClvbO7t7xf3SQfnw6LhyUm7ZNDcCmyJVqelE3KKSGpskSWEnM8iTSGE7Gt/N8/YzGitT/UiTDMOED7WMpeDkrMZ9v1L1a/5CbBOCFVRhpXq/8tUbpCJPUJNQ3Npu4GcUTrkhKRTOSr3cYsbFmA+x61DzBG04XQw6YxfOGbA4Ne5oYgv394spT6ydJJG7mXAa2fVsbv6XdXOKb8Kp1FlOqMXyozhXjFI235oNpEFBauKACyPdrEyMuOGCXDclV0KwvvImtK5qgV8LGj4U4QzO4RICuIZbeIA6NEEAwgu8wbv35L16H8u6Ct6qt1P4I+/zB4Z4i3Y=</latexit><latexit sha1_base64="VtRlgGg+f8Ulpp708TZqCSc7Eg8=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpiOCyBfuAdiiZ9E4bm8kMyR2hlP4CNy4U8W+589+YPhbaeiDwcU5C7j1RpqQl3//2ClvbO7t7xf3SQfnw6LhyUm7ZNDcCmyJVqelE3KKSGpskSWEnM8iTSGE7Gt/N8/YzGitT/UiTDMOED7WMpeDkrMZ9v1L1a/5CbBOCFVRhpXq/8tUbpCJPUJNQ3Npu4GcUTrkhKRTOSr3cYsbFmA+x61DzBG04XQw6YxfOGbA4Ne5oYgv394spT6ydJJG7mXAa2fVsbv6XdXOKb8Kp1FlOqMXyozhXjFI235oNpEFBauKACyPdrEyMuOGCXDclV0KwvvImtK5qgV8LGj4U4QzO4RICuIZbeIA6NEEAwgu8wbv35L16H8u6Ct6qt1P4I+/zB4Z4i3Y=</latexit><latexit sha1_base64="UuWujcJ1qnBgRNBp8ukQAU/1iwM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeTcoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrupX6TR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Al62MxQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit>

A
<latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit><latexit sha1_base64="BAeVOBC5ObWqGCFk52KlP7hcwRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPVi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUuOmXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqt3kcRTiBUzgHD66gBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBkt2MxQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

D
<latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit>

P1.1.0
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Figure C16. Procedure to find the control point coordinates of the sub-interface Γhe that are used to define
the boundary curves Cei . The control points are shown with the red cubes and the intersection points are

depicted by the blue triangles and green circles.

D. CONSTRUCTING THE NURBS LINE Li

Figure D17 redraws Figure C16 in y1 − y2 plane. As explained in Appendix C, the lines L1 and L2

are perpendicular to the line segment AE and divide it evenly. The NURBS equation of line L1 has
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the form

L1 (γB) =

2∑
i=1

Ri (γB) PLi , (D.1)

whereRi are the NURBS basis functions introduced in A.6 and PLi are the control point coordinates

of line L1 (shown by green (+)) defined as570


PL1 = O− n1

PL2 = O + n1

, (D.2)

where O = A + l with l =
E−A

3
(as shown in Figure D17) and

n1 = h
e3 × l

‖e3 × l‖ . (D.3)

In (D.3), ei is the basis vector in the yi direction and the constant h is half the diagonal length of the

element face.

As seen in Appendix F, to compute the design velocity of intersection point B using (F.6) we

need to obtain the velocity of PLi (i.e. the sensitivity
∂PLi

∂dq
). To this end, we differentiate (D.2)575

with respect to the geometrical design parameter dq to obtain

∂PLi

∂dq
=
∂O

∂dq
± ∂n1

∂dq
, (D.4)

where

∂O

∂dq
=
∂A

∂dq
+

∂l

∂dq

=
∂A

∂dq
+

1

3

∂ (E−A)

∂dq
,

(D.5)

and

∂n1

∂dq
=

[(
e3 × ∂l

∂dq

)
‖e3 × l‖h− (e3 × l)×

(
n1 ·

(
e3 × ∂l

∂dq

))]
‖e3 × l‖2

. (D.6)
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<latexit sha1_base64="dFpwFkqSE/qJSmPpk9iKmxkVioY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRt4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6caBZN8WumnhieUTeiI9yxVNOLGz+enTsmZVYYkjLUthWSu/p7IaWRMFgW2M6I4NsveTPzP66UYXvu5UEmKXLHFojCVBGMy+5sMheYMZWYJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCCZ3iFN0c6L86787FoLTnFzDH8gfP5Aw02jaE=</latexit><latexit sha1_base64="dFpwFkqSE/qJSmPpk9iKmxkVioY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRt4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6caBZN8WumnhieUTeiI9yxVNOLGz+enTsmZVYYkjLUthWSu/p7IaWRMFgW2M6I4NsveTPzP66UYXvu5UEmKXLHFojCVBGMy+5sMheYMZWYJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCCZ3iFN0c6L86787FoLTnFzDH8gfP5Aw02jaE=</latexit><latexit sha1_base64="dFpwFkqSE/qJSmPpk9iKmxkVioY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRt4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6caBZN8WumnhieUTeiI9yxVNOLGz+enTsmZVYYkjLUthWSu/p7IaWRMFgW2M6I4NsveTPzP66UYXvu5UEmKXLHFojCVBGMy+5sMheYMZWYJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCCZ3iFN0c6L86787FoLTnFzDH8gfP5Aw02jaE=</latexit><latexit sha1_base64="dFpwFkqSE/qJSmPpk9iKmxkVioY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8eK9gPaUDbbTbt0swm7EyGE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YpZwP6IjJULBKFrpIRt4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6caBZN8WumnhieUTeiI9yxVNOLGz+enTsmZVYYkjLUthWSu/p7IaWRMFgW2M6I4NsveTPzP66UYXvu5UEmKXLHFojCVBGMy+5sMheYMZWYJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCCZ3iFN0c6L86787FoLTnFzDH8gfP5Aw02jaE=</latexit>

y2
<latexit sha1_base64="D3AX+j/PE1m53fMd5IxYxCDCOuI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2lM120i7dbMLuRgihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5nfmdJ1Sax/LRZAn6ER1JHnJGjZUeskF9UKm6NXcOskq8glShQHNQ+eoPY5ZGKA0TVOue5ybGz6kynAmclvupxoSyCR1hz1JJI9R+Pj91Ss6tMiRhrGxJQ+bq74mcRlpnUWA7I2rGetmbif95vdSE137OZZIalGyxKEwFMTGZ/U2GXCEzIrOEMsXtrYSNqaLM2HTKNgRv+eVV0q7XPLfm3V9WGzdFHCU4hTO4AA+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5Aw66jaI=</latexit><latexit sha1_base64="D3AX+j/PE1m53fMd5IxYxCDCOuI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2lM120i7dbMLuRgihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5nfmdJ1Sax/LRZAn6ER1JHnJGjZUeskF9UKm6NXcOskq8glShQHNQ+eoPY5ZGKA0TVOue5ybGz6kynAmclvupxoSyCR1hz1JJI9R+Pj91Ss6tMiRhrGxJQ+bq74mcRlpnUWA7I2rGetmbif95vdSE137OZZIalGyxKEwFMTGZ/U2GXCEzIrOEMsXtrYSNqaLM2HTKNgRv+eVV0q7XPLfm3V9WGzdFHCU4hTO4AA+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5Aw66jaI=</latexit><latexit sha1_base64="D3AX+j/PE1m53fMd5IxYxCDCOuI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2lM120i7dbMLuRgihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5nfmdJ1Sax/LRZAn6ER1JHnJGjZUeskF9UKm6NXcOskq8glShQHNQ+eoPY5ZGKA0TVOue5ybGz6kynAmclvupxoSyCR1hz1JJI9R+Pj91Ss6tMiRhrGxJQ+bq74mcRlpnUWA7I2rGetmbif95vdSE137OZZIalGyxKEwFMTGZ/U2GXCEzIrOEMsXtrYSNqaLM2HTKNgRv+eVV0q7XPLfm3V9WGzdFHCU4hTO4AA+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5Aw66jaI=</latexit><latexit sha1_base64="D3AX+j/PE1m53fMd5IxYxCDCOuI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04rGi/YA2lM120i7dbMLuRgihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5nfmdJ1Sax/LRZAn6ER1JHnJGjZUeskF9UKm6NXcOskq8glShQHNQ+eoPY5ZGKA0TVOue5ybGz6kynAmclvupxoSyCR1hz1JJI9R+Pj91Ss6tMiRhrGxJQ+bq74mcRlpnUWA7I2rGetmbif95vdSE137OZZIalGyxKEwFMTGZ/U2GXCEzIrOEMsXtrYSNqaLM2HTKNgRv+eVV0q7XPLfm3V9WGzdFHCU4hTO4AA+uoAF30IQWMBjBM7zCmyOcF+fd+Vi0rjnFzAn8gfP5Aw66jaI=</latexit>

E
<latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VtRlgGg+f8Ulpp708TZqCSc7Eg8=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpiOCyBfuAdiiZ9E4bm8kMyR2hlP4CNy4U8W+589+YPhbaeiDwcU5C7j1RpqQl3//2ClvbO7t7xf3SQfnw6LhyUm7ZNDcCmyJVqelE3KKSGpskSWEnM8iTSGE7Gt/N8/YzGitT/UiTDMOED7WMpeDkrMZ9v1L1a/5CbBOCFVRhpXq/8tUbpCJPUJNQ3Npu4GcUTrkhKRTOSr3cYsbFmA+x61DzBG04XQw6YxfOGbA4Ne5oYgv394spT6ydJJG7mXAa2fVsbv6XdXOKb8Kp1FlOqMXyozhXjFI235oNpEFBauKACyPdrEyMuOGCXDclV0KwvvImtK5qgV8LGj4U4QzO4RICuIZbeIA6NEEAwgu8wbv35L16H8u6Ct6qt1P4I+/zB4Z4i3Y=</latexit><latexit sha1_base64="VtRlgGg+f8Ulpp708TZqCSc7Eg8=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpiOCyBfuAdiiZ9E4bm8kMyR2hlP4CNy4U8W+589+YPhbaeiDwcU5C7j1RpqQl3//2ClvbO7t7xf3SQfnw6LhyUm7ZNDcCmyJVqelE3KKSGpskSWEnM8iTSGE7Gt/N8/YzGitT/UiTDMOED7WMpeDkrMZ9v1L1a/5CbBOCFVRhpXq/8tUbpCJPUJNQ3Npu4GcUTrkhKRTOSr3cYsbFmA+x61DzBG04XQw6YxfOGbA4Ne5oYgv394spT6ydJJG7mXAa2fVsbv6XdXOKb8Kp1FlOqMXyozhXjFI235oNpEFBauKACyPdrEyMuOGCXDclV0KwvvImtK5qgV8LGj4U4QzO4RICuIZbeIA6NEEAwgu8wbv35L16H8u6Ct6qt1P4I+/zB4Z4i3Y=</latexit><latexit sha1_base64="UuWujcJ1qnBgRNBp8ukQAU/1iwM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeTcoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrupX6TR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Al62MxQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="VtRlgGg+f8Ulpp708TZqCSc7Eg8=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpiOCyBfuAdiiZ9E4bm8kMyR2hlP4CNy4U8W+589+YPhbaeiDwcU5C7j1RpqQl3//2ClvbO7t7xf3SQfnw6LhyUm7ZNDcCmyJVqelE3KKSGpskSWEnM8iTSGE7Gt/N8/YzGitT/UiTDMOED7WMpeDkrMZ9v1L1a/5CbBOCFVRhpXq/8tUbpCJPUJNQ3Npu4GcUTrkhKRTOSr3cYsbFmA+x61DzBG04XQw6YxfOGbA4Ne5oYgv394spT6ydJJG7mXAa2fVsbv6XdXOKb8Kp1FlOqMXyozhXjFI235oNpEFBauKACyPdrEyMuOGCXDclV0KwvvImtK5qgV8LGj4U4QzO4RICuIZbeIA6NEEAwgu8wbv35L16H8u6Ct6qt1P4I+/zB4Z4i3Y=</latexit><latexit sha1_base64="VtRlgGg+f8Ulpp708TZqCSc7Eg8=">AAAB3XicbZBLSwMxFIXv1FetVatbN8EiuCozbnQpiOCyBfuAdiiZ9E4bm8kMyR2hlP4CNy4U8W+589+YPhbaeiDwcU5C7j1RpqQl3//2ClvbO7t7xf3SQfnw6LhyUm7ZNDcCmyJVqelE3KKSGpskSWEnM8iTSGE7Gt/N8/YzGitT/UiTDMOED7WMpeDkrMZ9v1L1a/5CbBOCFVRhpXq/8tUbpCJPUJNQ3Npu4GcUTrkhKRTOSr3cYsbFmA+x61DzBG04XQw6YxfOGbA4Ne5oYgv394spT6ydJJG7mXAa2fVsbv6XdXOKb8Kp1FlOqMXyozhXjFI235oNpEFBauKACyPdrEyMuOGCXDclV0KwvvImtK5qgV8LGj4U4QzO4RICuIZbeIA6NEEAwgu8wbv35L16H8u6Ct6qt1P4I+/zB4Z4i3Y=</latexit><latexit sha1_base64="UuWujcJ1qnBgRNBp8ukQAU/1iwM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeTcoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrupX6TR5HEc7gHC7Bg2uowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8Al62MxQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit>

B
<latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit><latexit sha1_base64="omio59kvEVQ455XgB3RHdtTRWpI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR+UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXldq9TyOIpzBOVyCBzdQg3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AlGGMxg==</latexit>

D
<latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit><latexit sha1_base64="NsLos3laW3WlkybC0/eUHSYSJS0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRDx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHl2mMyA==</latexit>

P2.1.0
<latexit sha1_base64="Ev4Lzbc4IH1X17T1ZF3SMTUR7Es=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgadkVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU31ve/UWltfWNzq7xd2dnd2z+oHh61TJJpypo0EYnuRMQwwRVrWm4F66SaERkJ1o7GtzO//cS04Yl6sJOUhZIMFY85JdZJj41+fuEFnj/tV2u+58+BV0lQkBoUaPSrX71BQjPJlKWCGNMN/NSGOdGWU8GmlV5mWEromAxZ11FFJDNhPj94is+cMsBxol0pi+fq74mcSGMmMnKdktiRWfZm4n9eN7PxdZhzlWaWKbpYFGcC2wTPvscDrhm1YuIIoZq7WzEdEU2odRlVXAjB8surpOUS873g/rJWvyniKMMJnMI5BHAFdbiDBjSBgoRneIU3pNELekcfi9YSKmaO4Q/Q5w9OII9q</latexit><latexit sha1_base64="Ev4Lzbc4IH1X17T1ZF3SMTUR7Es=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgadkVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU31ve/UWltfWNzq7xd2dnd2z+oHh61TJJpypo0EYnuRMQwwRVrWm4F66SaERkJ1o7GtzO//cS04Yl6sJOUhZIMFY85JdZJj41+fuEFnj/tV2u+58+BV0lQkBoUaPSrX71BQjPJlKWCGNMN/NSGOdGWU8GmlV5mWEromAxZ11FFJDNhPj94is+cMsBxol0pi+fq74mcSGMmMnKdktiRWfZm4n9eN7PxdZhzlWaWKbpYFGcC2wTPvscDrhm1YuIIoZq7WzEdEU2odRlVXAjB8surpOUS873g/rJWvyniKMMJnMI5BHAFdbiDBjSBgoRneIU3pNELekcfi9YSKmaO4Q/Q5w9OII9q</latexit><latexit sha1_base64="Ev4Lzbc4IH1X17T1ZF3SMTUR7Es=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgadkVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU31ve/UWltfWNzq7xd2dnd2z+oHh61TJJpypo0EYnuRMQwwRVrWm4F66SaERkJ1o7GtzO//cS04Yl6sJOUhZIMFY85JdZJj41+fuEFnj/tV2u+58+BV0lQkBoUaPSrX71BQjPJlKWCGNMN/NSGOdGWU8GmlV5mWEromAxZ11FFJDNhPj94is+cMsBxol0pi+fq74mcSGMmMnKdktiRWfZm4n9eN7PxdZhzlWaWKbpYFGcC2wTPvscDrhm1YuIIoZq7WzEdEU2odRlVXAjB8surpOUS873g/rJWvyniKMMJnMI5BHAFdbiDBjSBgoRneIU3pNELekcfi9YSKmaO4Q/Q5w9OII9q</latexit><latexit sha1_base64="Ev4Lzbc4IH1X17T1ZF3SMTUR7Es=">AAAB8HicbVBNSwMxEJ3Ur1q/qh69BIvgadkVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU31ve/UWltfWNzq7xd2dnd2z+oHh61TJJpypo0EYnuRMQwwRVrWm4F66SaERkJ1o7GtzO//cS04Yl6sJOUhZIMFY85JdZJj41+fuEFnj/tV2u+58+BV0lQkBoUaPSrX71BQjPJlKWCGNMN/NSGOdGWU8GmlV5mWEromAxZ11FFJDNhPj94is+cMsBxol0pi+fq74mcSGMmMnKdktiRWfZm4n9eN7PxdZhzlWaWKbpYFGcC2wTPvscDrhm1YuIIoZq7WzEdEU2odRlVXAjB8surpOUS873g/rJWvyniKMMJnMI5BHAFdbiDBjSBgoRneIU3pNELekcfi9YSKmaO4Q/Q5w9OII9q</latexit>

P3.1.0
<latexit sha1_base64="teJQFRIDg20LS0wxNiQXkprTxbw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05JVQY9FLx4r2Fppl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7Syura+Ud6sbG3v7O5V9w9aJsk0ZU2aiES3I2KY4Io1LbeCtVPNiIwEe4hGN1P/4YlpwxN1b8cpCyUZKB5zSqyTHhu9/NwPfDzpVWvYxzOgZRIUpAYFGr3qV7ef0EwyZakgxnQCnNowJ9pyKtik0s0MSwkdkQHrOKqIZCbMZwdP0IlT+ihOtCtl0Uz9PZETacxYRq5TEjs0i95U/M/rZDa+CnOu0swyReeL4kwgm6Dp96jPNaNWjB0hVHN3K6JDogm1LqOKCyFYfHmZtM78APvB3UWtfl3EUYYjOIZTCOAS6nALDWgCBQnP8ApvnvZevHfvY95a8oqZQ/gD7/MHT6mPaw==</latexit><latexit sha1_base64="teJQFRIDg20LS0wxNiQXkprTxbw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05JVQY9FLx4r2Fppl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7Syura+Ud6sbG3v7O5V9w9aJsk0ZU2aiES3I2KY4Io1LbeCtVPNiIwEe4hGN1P/4YlpwxN1b8cpCyUZKB5zSqyTHhu9/NwPfDzpVWvYxzOgZRIUpAYFGr3qV7ef0EwyZakgxnQCnNowJ9pyKtik0s0MSwkdkQHrOKqIZCbMZwdP0IlT+ihOtCtl0Uz9PZETacxYRq5TEjs0i95U/M/rZDa+CnOu0swyReeL4kwgm6Dp96jPNaNWjB0hVHN3K6JDogm1LqOKCyFYfHmZtM78APvB3UWtfl3EUYYjOIZTCOAS6nALDWgCBQnP8ApvnvZevHfvY95a8oqZQ/gD7/MHT6mPaw==</latexit><latexit sha1_base64="teJQFRIDg20LS0wxNiQXkprTxbw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05JVQY9FLx4r2Fppl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7Syura+Ud6sbG3v7O5V9w9aJsk0ZU2aiES3I2KY4Io1LbeCtVPNiIwEe4hGN1P/4YlpwxN1b8cpCyUZKB5zSqyTHhu9/NwPfDzpVWvYxzOgZRIUpAYFGr3qV7ef0EwyZakgxnQCnNowJ9pyKtik0s0MSwkdkQHrOKqIZCbMZwdP0IlT+ihOtCtl0Uz9PZETacxYRq5TEjs0i95U/M/rZDa+CnOu0swyReeL4kwgm6Dp96jPNaNWjB0hVHN3K6JDogm1LqOKCyFYfHmZtM78APvB3UWtfl3EUYYjOIZTCOAS6nALDWgCBQnP8ApvnvZevHfvY95a8oqZQ/gD7/MHT6mPaw==</latexit><latexit sha1_base64="teJQFRIDg20LS0wxNiQXkprTxbw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05JVQY9FLx4r2Fppl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7Syura+Ud6sbG3v7O5V9w9aJsk0ZU2aiES3I2KY4Io1LbeCtVPNiIwEe4hGN1P/4YlpwxN1b8cpCyUZKB5zSqyTHhu9/NwPfDzpVWvYxzOgZRIUpAYFGr3qV7ef0EwyZakgxnQCnNowJ9pyKtik0s0MSwkdkQHrOKqIZCbMZwdP0IlT+ihOtCtl0Uz9PZETacxYRq5TEjs0i95U/M/rZDa+CnOu0swyReeL4kwgm6Dp96jPNaNWjB0hVHN3K6JDogm1LqOKCyFYfHmZtM78APvB3UWtfl3EUYYjOIZTCOAS6nALDWgCBQnP8ApvnvZevHfvY95a8oqZQ/gD7/MHT6mPaw==</latexit>P4.1.0

<latexit sha1_base64="WjCPIfJ1EUFnbuuyudClxsrg2y4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05IVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7S2vrG5Vd6u7Ozu7R9UD49aJsk0ZU2aiER3ImKY4Io1LbeCdVLNiIwEa0fj25nffmLa8EQ92EnKQkmGisecEuukx0Y/v/QDH0/71Rr28RxolQQFqUGBRr/61RskNJNMWSqIMd0ApzbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQgiWX14lrQs/wH5wf1mr3xRxlOEETuEcAriCOtxBA5pAQcIzvMKbp70X7937WLSWvGLmGP7A+/wBUTKPbA==</latexit><latexit sha1_base64="WjCPIfJ1EUFnbuuyudClxsrg2y4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05IVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7S2vrG5Vd6u7Ozu7R9UD49aJsk0ZU2aiER3ImKY4Io1LbeCdVLNiIwEa0fj25nffmLa8EQ92EnKQkmGisecEuukx0Y/v/QDH0/71Rr28RxolQQFqUGBRr/61RskNJNMWSqIMd0ApzbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQgiWX14lrQs/wH5wf1mr3xRxlOEETuEcAriCOtxBA5pAQcIzvMKbp70X7937WLSWvGLmGP7A+/wBUTKPbA==</latexit><latexit sha1_base64="WjCPIfJ1EUFnbuuyudClxsrg2y4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05IVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7S2vrG5Vd6u7Ozu7R9UD49aJsk0ZU2aiER3ImKY4Io1LbeCdVLNiIwEa0fj25nffmLa8EQ92EnKQkmGisecEuukx0Y/v/QDH0/71Rr28RxolQQFqUGBRr/61RskNJNMWSqIMd0ApzbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQgiWX14lrQs/wH5wf1mr3xRxlOEETuEcAriCOtxBA5pAQcIzvMKbp70X7937WLSWvGLmGP7A+/wBUTKPbA==</latexit><latexit sha1_base64="WjCPIfJ1EUFnbuuyudClxsrg2y4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB05IVQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3FuNvr7S2vrG5Vd6u7Ozu7R9UD49aJsk0ZU2aiER3ImKY4Io1LbeCdVLNiIwEa0fj25nffmLa8EQ92EnKQkmGisecEuukx0Y/v/QDH0/71Rr28RxolQQFqUGBRr/61RskNJNMWSqIMd0ApzbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQgiWX14lrQs/wH5wf1mr3xRxlOEETuEcAriCOtxBA5pAQcIzvMKbp70X7937WLSWvGLmGP7A+/wBUTKPbA==</latexit>

P1.1.0
<latexit sha1_base64="Uw9RdRl/sWV3HSgeudZG5ZjMxXI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3Ngi+vdLa+sbmVnm7srO7t39QPTxqmSTTlDVpIhLdiYhhgivWtNwK1kk1IzISrB2Nb2d++4lpwxP1YCcpCyUZKh5zSqyTHhv9HPvYD6b9ai3wgznQKsEFqUGBRr/61RskNJNMWSqIMV0cpDbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQsDLL6+S1oWPAx/fX9bqN0UcZTiBUzgHDFdQhztoQBMoSHiGV3jztPfivXsfi9aSV8wcwx94nz9Ml49p</latexit><latexit sha1_base64="Uw9RdRl/sWV3HSgeudZG5ZjMxXI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3Ngi+vdLa+sbmVnm7srO7t39QPTxqmSTTlDVpIhLdiYhhgivWtNwK1kk1IzISrB2Nb2d++4lpwxP1YCcpCyUZKh5zSqyTHhv9HPvYD6b9ai3wgznQKsEFqUGBRr/61RskNJNMWSqIMV0cpDbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQsDLL6+S1oWPAx/fX9bqN0UcZTiBUzgHDFdQhztoQBMoSHiGV3jztPfivXsfi9aSV8wcwx94nz9Ml49p</latexit><latexit sha1_base64="Uw9RdRl/sWV3HSgeudZG5ZjMxXI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3Ngi+vdLa+sbmVnm7srO7t39QPTxqmSTTlDVpIhLdiYhhgivWtNwK1kk1IzISrB2Nb2d++4lpwxP1YCcpCyUZKh5zSqyTHhv9HPvYD6b9ai3wgznQKsEFqUGBRr/61RskNJNMWSqIMV0cpDbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQsDLL6+S1oWPAx/fX9bqN0UcZTiBUzgHDFdQhztoQBMoSHiGV3jztPfivXsfi9aSV8wcwx94nz9Ml49p</latexit><latexit sha1_base64="Uw9RdRl/sWV3HSgeudZG5ZjMxXI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07IRQY9FLx4r2A9pl5JNs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvSgU3Ngi+vdLa+sbmVnm7srO7t39QPTxqmSTTlDVpIhLdiYhhgivWtNwK1kk1IzISrB2Nb2d++4lpwxP1YCcpCyUZKh5zSqyTHhv9HPvYD6b9ai3wgznQKsEFqUGBRr/61RskNJNMWSqIMV0cpDbMibacCjat9DLDUkLHZMi6jioimQnz+cFTdOaUAYoT7UpZNFd/T+REGjORkeuUxI7MsjcT//O6mY2vw5yrNLNM0cWiOBPIJmj2PRpwzagVE0cI1dzdiuiIaEKty6jiQsDLL6+S1oWPAx/fX9bqN0UcZTiBUzgHDFdQhztoQBMoSHiGV3jztPfivXsfi9aSV8wcwx94nz9Ml49p</latexit>

Ce
1

<latexit sha1_base64="84nAwmJXCyiIKWKlyhnw9IIIx2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24rGCaQttLJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxw3Zn77CZXmiXwwkxSDmA4ljzijxkp+o+89Yr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5LWZc1za979VbV+W8RRglM4gwvw4BrqcAdN8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wcuY45C</latexit><latexit sha1_base64="84nAwmJXCyiIKWKlyhnw9IIIx2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24rGCaQttLJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxw3Zn77CZXmiXwwkxSDmA4ljzijxkp+o+89Yr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5LWZc1za979VbV+W8RRglM4gwvw4BrqcAdN8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wcuY45C</latexit><latexit sha1_base64="84nAwmJXCyiIKWKlyhnw9IIIx2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24rGCaQttLJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxw3Zn77CZXmiXwwkxSDmA4ljzijxkp+o+89Yr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5LWZc1za979VbV+W8RRglM4gwvw4BrqcAdN8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wcuY45C</latexit><latexit sha1_base64="84nAwmJXCyiIKWKlyhnw9IIIx2E=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokIeiz24rGCaQttLJvtpF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTpu6SRTDH2WiER1QqpRcIm+4UZgJ1VI41BgOxw3Zn77CZXmiXwwkxSDmA4ljzijxkp+o+89Yr9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+7JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE90EOZdpZlCyxaIoE8QkZPY5GXCFzIiJJZQpbm8lbEQVZcbmU7YheMsvr5LWZc1za979VbV+W8RRglM4gwvw4BrqcAdN8IEBh2d4hTdHOi/Ou/OxaF1zipkT+APn8wcuY45C</latexit>

O
<latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0w==</latexit><latexit sha1_base64="UaeGPGlSTEcc6/SnXGnxtlHbwMU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRizdbsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS475frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHqBWM0w==</latexit>

L1
<latexit sha1_base64="E+eigGGS7XvZiDDx2gzZv4dNqUg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuJayNi9YiThPsRHSoRCkbRSg93fa9frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AyJmNdA==</latexit><latexit sha1_base64="E+eigGGS7XvZiDDx2gzZv4dNqUg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuJayNi9YiThPsRHSoRCkbRSg93fa9frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AyJmNdA==</latexit><latexit sha1_base64="E+eigGGS7XvZiDDx2gzZv4dNqUg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuJayNi9YiThPsRHSoRCkbRSg93fa9frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AyJmNdA==</latexit><latexit sha1_base64="E+eigGGS7XvZiDDx2gzZv4dNqUg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiGXQxsIiovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9mfvuJayNi9YiThPsRHSoRCkbRSg93fa9frrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NQpObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYZXfiZUkiJXbLEoTCXBmMz+JgOhOUM5sYQyLeythI2opgxtOiUbgrf88ippXVQ9t+rdX1bq13kcRTiBUzgHD2pQh1toQBMYDOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AyJmNdA==</latexit>

PL1
<latexit sha1_base64="/ma2XWxGtUJGJLaNvHIHUNGm8Ns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFewHtCFstpt26WYTdidCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXphKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7czv/PEtRGJesRJyv2YDpWIBKNopU4zyO8DbxpUa27dnYOsEq8gNSjQDKpf/UHCspgrZJIa0/PcFP2cahRM8mmlnxmeUjamQ96zVNGYGz+fnzslZ1YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif14vw+jaz4VKM+SKLRZFmSSYkNnvZCA0ZygnllCmhb2VsBHVlKFNqGJD8JZfXiXti7rn1r2Hy1rjpoijDCdwCufgwRU04A6a0AIGY3iGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5BGPQw==</latexit><latexit sha1_base64="/ma2XWxGtUJGJLaNvHIHUNGm8Ns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFewHtCFstpt26WYTdidCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXphKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7czv/PEtRGJesRJyv2YDpWIBKNopU4zyO8DbxpUa27dnYOsEq8gNSjQDKpf/UHCspgrZJIa0/PcFP2cahRM8mmlnxmeUjamQ96zVNGYGz+fnzslZ1YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif14vw+jaz4VKM+SKLRZFmSSYkNnvZCA0ZygnllCmhb2VsBHVlKFNqGJD8JZfXiXti7rn1r2Hy1rjpoijDCdwCufgwRU04A6a0AIGY3iGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5BGPQw==</latexit><latexit sha1_base64="/ma2XWxGtUJGJLaNvHIHUNGm8Ns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFewHtCFstpt26WYTdidCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXphKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7czv/PEtRGJesRJyv2YDpWIBKNopU4zyO8DbxpUa27dnYOsEq8gNSjQDKpf/UHCspgrZJIa0/PcFP2cahRM8mmlnxmeUjamQ96zVNGYGz+fnzslZ1YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif14vw+jaz4VKM+SKLRZFmSSYkNnvZCA0ZygnllCmhb2VsBHVlKFNqGJD8JZfXiXti7rn1r2Hy1rjpoijDCdwCufgwRU04A6a0AIGY3iGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5BGPQw==</latexit><latexit sha1_base64="/ma2XWxGtUJGJLaNvHIHUNGm8Ns=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiwcPFewHtCFstpt26WYTdidCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXphKYdB1v53S2vrG5lZ5u7Kzu7d/UD08apsk04y3WCIT3Q2p4VIo3kKBkndTzWkcSt4Jx7czv/PEtRGJesRJyv2YDpWIBKNopU4zyO8DbxpUa27dnYOsEq8gNSjQDKpf/UHCspgrZJIa0/PcFP2cahRM8mmlnxmeUjamQ96zVNGYGz+fnzslZ1YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif14vw+jaz4VKM+SKLRZFmSSYkNnvZCA0ZygnllCmhb2VsBHVlKFNqGJD8JZfXiXti7rn1r2Hy1rjpoijDCdwCufgwRU04A6a0AIGY3iGV3hzUufFeXc+Fq0lp5g5hj9wPn8A5BGPQw==</latexit>

PL2
<latexit sha1_base64="43tKyMai3wHDYEfN0EupM5gTgmk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04sFDBfsBbQib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E49uZ33ni2ohEPeIk5X5Mh0pEglG0UqcZ5PdBfRpUqm7NnYOsEq8gVSjQDCpf/UHCspgrZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zVNGYGz+fnzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif14vw+jaz4VKM+SKLRZFmSSYkNnvZCA0ZygnllCmhb2VsBHVlKFNqGxD8JZfXiXtes1za97DZbVxU8RRglM4gwvw4AoacAdNaAGDMTzDK7w5qfPivDsfi9Y1p5g5gT9wPn8A5ZaPRA==</latexit><latexit sha1_base64="43tKyMai3wHDYEfN0EupM5gTgmk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04sFDBfsBbQib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E49uZ33ni2ohEPeIk5X5Mh0pEglG0UqcZ5PdBfRpUqm7NnYOsEq8gVSjQDCpf/UHCspgrZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zVNGYGz+fnzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif14vw+jaz4VKM+SKLRZFmSSYkNnvZCA0ZygnllCmhb2VsBHVlKFNqGxD8JZfXiXtes1za97DZbVxU8RRglM4gwvw4AoacAdNaAGDMTzDK7w5qfPivDsfi9Y1p5g5gT9wPn8A5ZaPRA==</latexit><latexit sha1_base64="43tKyMai3wHDYEfN0EupM5gTgmk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04sFDBfsBbQib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E49uZ33ni2ohEPeIk5X5Mh0pEglG0UqcZ5PdBfRpUqm7NnYOsEq8gVSjQDCpf/UHCspgrZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zVNGYGz+fnzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif14vw+jaz4VKM+SKLRZFmSSYkNnvZCA0ZygnllCmhb2VsBHVlKFNqGxD8JZfXiXtes1za97DZbVxU8RRglM4gwvw4AoacAdNaAGDMTzDK7w5qfPivDsfi9Y1p5g5gT9wPn8A5ZaPRA==</latexit><latexit sha1_base64="43tKyMai3wHDYEfN0EupM5gTgmk=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Fj04sFDBfsBbQib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E49uZ33ni2ohEPeIk5X5Mh0pEglG0UqcZ5PdBfRpUqm7NnYOsEq8gVSjQDCpf/UHCspgrZJIa0/PcFP2cahRM8mm5nxmeUjamQ96zVNGYGz+fnzsl51YZkCjRthSSufp7IqexMZM4tJ0xxZFZ9mbif14vw+jaz4VKM+SKLRZFmSSYkNnvZCA0ZygnllCmhb2VsBHVlKFNqGxD8JZfXiXtes1za97DZbVxU8RRglM4gwvw4AoacAdNaAGDMTzDK7w5qfPivDsfi9Y1p5g5gT9wPn8A5ZaPRA==</latexit>

L2
<latexit sha1_base64="B/FS7Mt9x5GoBjY+y7hLK0d/9KU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSqlU9t+rdX1Tq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwByh2NdQ==</latexit><latexit sha1_base64="B/FS7Mt9x5GoBjY+y7hLK0d/9KU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSqlU9t+rdX1Tq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwByh2NdQ==</latexit><latexit sha1_base64="B/FS7Mt9x5GoBjY+y7hLK0d/9KU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSqlU9t+rdX1Tq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwByh2NdQ==</latexit><latexit sha1_base64="B/FS7Mt9x5GoBjY+y7hLK0d/9KU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CoGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSqlU9t+rdX1Tq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwByh2NdQ==</latexit>

Figure D17. Construction of NURBS curve for lines L1 and L2.

The sensitivities
∂A

∂dq
and

∂E

∂dq
appearing in (D.5) are computed using (F.2).

E. CHORD LENGTH TECHNIQUE

To construct the NURBS curve Cei that interpolates a given set of points Qj , j = 1, ..., NCP = 4580

(e.g., the intersection points A,B,D, and E, illustrated in Figure C16), we employ the global curve

interpolation method [87]. In this approach, we assign a parameter value, βj , to each point by

using the chord length technique presented in [87]. We require β ∈ [0, 1] and select the knot vector

B = {β1 = βA = 0, β2 = βB , β3 = βD, β4 = βE = 1}, where β2 = βB and β3 = βD are computed

from585

βj = βj−1 +
|Qj −Qj−1|

L
, j = 2, 3, (E.1)

(2020)
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where Qi is the coordinate vector of the point Qi and

L =

4∑
j=2

|Qj −Qj−1| . (E.2)

To perform the sensitivity analysis, we also need to have the sensitivity of the parameter βj with

respect to design parameter di, i.e.,
∂βj
∂di

. Since we assign β1 = βA = 0 and β4 = βE = 1, we have

∂β1

∂di
=
∂βA
∂di

= 0, and
∂β4

∂di
=
∂βE
∂di

= 0. (E.3)

Taking derivative of (E.1) with respect to design parameter di, we obtain

∂β

∂di

∣∣∣
β=βj

=
∂β

∂di

∣∣∣
β=βj−1

+

∂|Qj−Qj−1|
∂di

L− |Qj −Qj−1| ∂L∂di
L2

, j = 2, 3, (E.4)

where590

∂L

∂di
=

4∑
j=2

∂ |Qj −Qj−1|
∂di

. (E.5)

F. DESIGN VELOCITY OF THE ENRICHED CONTROL POINTS

In this section, we compute the shape velocity associated with the control points of an integration

element. Note that all the control point velocities for an enriched element, except those of the

enriched control points (i.e., {Pj.k.0} , j, k = 1, ...,m = n = 4 on the sub-interface Γhe in Figure 2),

are zero. Referring to Figure C16, we evaluate the velocity of the control points {Pj.1.0} , j =

1, ...,m = 4 by first obtaining the velocity of the intersection point coordinates A,B,D, and E. Let595

us derive the design velocity field for A that satisfies (2), that is,

A = S (ξA, ηA) =

l∑
i=1

m∑
j=1

Ri.j (ξA, ηA) Pi.j , (F.1)

where (ξA, ηA) denotes the parametric coordinates (knot values), and Pi.j are the control point

coordinates that define the material interface Γ, presented in (A.7). Assuming that dq is a geometrical

(2020)
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design variable and differentiating (F.1) gives

AVq =
∂S (ξA, ηA)

∂dq
=

(
l∑
i=1

m∑
j=1

∂Ri.j (ξA, ηA)

∂ξ
Pi.j

)
∂ξA
∂dq

+

(
l∑
i=1

m∑
j=1

∂Ri.j (ξA, ηA)

∂η
Pi.j

)
∂ηA
∂dq

+

l∑
i=1

m∑
j=1

Ri.j (ξA, ηA)
∂Pi.j

∂dq

(F.2)

where the vector AVq denotes the design velocity of intersection point A. To compute the velocity600

AVq, we must first evalute the unknown sensitivities
∂ξA
∂dq

and
∂ηA
∂dq

. Referring to Figure C16, we

see that the intersection point A is always located on the top face and on an element edge that is

parallel to e1. Due to this fact, e2 and e3 components of AVq are zero . Equating these components

AVq to zero results in a linear equation that we use to compute
∂ξA
∂dq

and
∂ηA
∂dq

and subsequently

AVq via (F.2). The same approach is used to compute the design velocity field for intersection point605

coordinate E, i.e. EVq.

In the next step, we compute the design velocity of intersection point coordinates B and D. Let

us start with the point B. As shown in Figure C16, the intersection point B (i.e., Γ ∩ L1) satisfies

S (ξB , ηB)− L1 (γB) = 0, (F.3)

where (ξA, ηA) and γB are the parametric coordinates (knot values) of the intersection point B on

the material interface Γ and the line L1, respectively, and S and L are defined by (F.1) and (D.1). To610

compute BVq we first differentiate (F.3) to obtain

(
l∑
i=1

m∑
j=1

∂Ri.j (ξB , ηB)

∂ξ
Pi.j

)
∂ξB
∂dq

+

(
l∑
i=1

m∑
j=1

∂Ri.j (ξB , ηB)

∂η
Pi.j

)
∂ηB
∂dq

+

l∑
i=1

m∑
j=1

Ri.j (ξB , ηB)
∂Pi.j

∂dq
−
{(

r∑
i=1

∂Ri (γB)

∂γ
PLi

)
∂γB
∂dq

+

r∑
i=1

Ri (γB)
∂PLi

∂dq

}
= 0

(F.4)

(2020)



MULTISCALE DESIGN OF NONLINEAR MATERIALS USING A SHAPE OPTIMIZATION SCHEME 47

Rearranging (F.4) in a matrix form yields a linear equation which we solve to evaluate
∂ξB
∂dq

,
∂ηB
∂dq

,

and
∂γB
∂dq

, i.e.

[
l∑
i=1

m∑
j=1

∂Ri.j(ξB , ηB)
∂ξ Pi.j

l∑
i=1

m∑
j=1

∂Ri.j(ξB , ηB)
∂η Pi.j −

r∑
i=1

∂Ri(γB)
∂γ PLi

]
×

∂ξB
∂dq

∂ηB
∂dq

∂γB
∂dq


=

[
r∑
i=1

Ri (γB)
∂PLi
∂dq
−

l∑
i=1

m∑
j=1

Ri.j (ξB , ηB)
∂Pi.j
∂dq

]
,

(F.5)

where the computation of
∂PLi

∂dq
is presented in the Appendix D. Subsequently, we compute

BVq =
∂L (γB)

∂dq

=

(
r∑
i=1

∂Ri (γB)

∂γ
PLi

)
∂γB
∂dq

+

r∑
i=1

Ri (γB)
∂PLi

∂dq
.

(F.6)

or alternatively as615

BVq =
∂S (ξB , ηB)

∂dq

=

(
l∑
i=1

m∑
j=1

∂Ri.j (ξB , ηB)

∂ξ
Pi.j

)
∂ξB
∂dq

+

(
l∑
i=1

m∑
j=1

∂Ri.j (ξB , ηB)

∂η
Pi.j

)
∂ηB
∂dq

+

l∑
i=1

m∑
j=1

Ri.j (ξB , ηB)
∂Pi.j

∂dq
.

(F.7)

In the same way, we compute the design velocity field of the intersection point D.

Having the design velocities AVq, BVq, DVq and EVq, we can evaluate the velocities of control

points {Pj.1.0} , j = 1, ...,m = 4. Referring to Figure C16 we see that the control points P1.1.0 and

P4.1.0 coincide with points A and E, therefore,

∂P1.1.0

∂dq
=A Vq

∂P4.1.0

∂dq
=E Vq

(F.8)
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To compute the design velocity of the control points P2.1.0 and P3.1.0, we differentiate the620

NURBS curve (C.1) at the parameter values β = βB and β = βD to obtain

BVq =
∂C (βB)

∂dq
=

(
NCP=4∑
i=1

∂Ri (βB)

∂β
Pi.1.0

)
∂βB
∂dq

+

NCP=4∑
i=1

Ri (βB)
∂Pi.1.0

∂dq

DVq =
∂C (βD)

∂dq
=

(
NCP=4∑
i=1

∂Ri (βD)

∂β
Pi.1.0

)
∂βD
∂dq

+

NCP=4∑
i=1

Ri (βD)
∂Pi.1.0

∂dq

. (F.9)

where BVq and DVq are obtained from (F.6) and
∂βB
∂dq

and
∂βD
∂dq

from (E.4). The linear equation

(F.9) is trivially solved for the sensitivities
∂P2.1.0

∂dq
and

∂P3.1.0

∂dq
. This completes the evaluation of

control point design velocities.

G. SENSITIVITY OF THE RESIDUALS WITH RESPECT TO MATERIAL PARAMETERS

If di is parameter that describes D0, the derivative
∂nRgp

∂di
of the element Gauss point equilibrium625

and damage evolution residuals are computed as

∂nRgp

∂di
= BT (1−n ω)

∂D0

∂di

(
ε̄+ BnŨe

)
, (G.1)

∂nHgp

∂di
=


∆t µ

1 + ∆t µ

∂G

∂nȲ

1

2

(
ε̄+ BnŨe

)T ∂D0

∂di

(
ε̄+ BnŨe

)
if g ≥ 0

0 if g < 0

. (G.2)

For the damage material parameters Yin and p1,
∂nRgp

∂di
= 0 and and for dq = Yin

∂nHgp

∂dq
=



∆t µ

1 + ∆t µ

[
p2

(
Ȳ − Yin
p1Yin

)p2−1 −p1Yin − p1

(
Ȳ − Yin

)
(p1Yin)

2

(
exp

[
−
(
Ȳ − Yin
p1Yin

)p2
])]

if g ≥ 0

0 if g < 0

,

(G.3)
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whereas for dq = p1

∂nHgp

∂dq
=



∆t µ

1 + ∆t µ

[
p2

(
Ȳ − Yin
p1Yin

)p2−1 −Yin
(
Ȳ − Yin

)
(p1Yin)

2

(
exp

[
−
(
Ȳ − Yin
p1Yin

)p2
])]

if g ≥ 0

0 if g < 0

.

(G.4)

It is worth mentioning that we need to compute
∂nRgp

∂di
for both the enriched and regular elements.
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